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1 Introduction to Computational Fluid Dynamics (CFD)
and Computational Aeroacoustics (CAA)

1.1 Fluid Dynamics

Fluid Dynamics is a branch of classical physics. It studies the fluid-flow phenomena,
nature and the conservation laws of classical physics.
Some related topics:

o Jets

Turbulence

Rotating Flows

Shear and Boundary Layers

e Aecroacoustics

Bluff Body Flows

1.2 Acoustics

Acoustics is the science of sound. It studies the sound generation, transmissions and
effects.
Some related technical fields:

e Acoustical Oceanography

e Animal Bio acoustics

e Architectural Acoustics

e Biomedical Acoustics

e Engineering Acoustics

e Musical Acoustics

e Noise

e Physical Acoustics

e Psychological and Physiological Acoustics
e Signal Processing in Acoustics

e Speech Communication

e Structural Acoustics and Vibration

e Underwater Acoustics



1.3 Approaches

e Theoretical
e Experimental (EFD — Experimental Fluid Dynamics)

e Computational (CFD — Computational Fluid Dynamics)

1.4 Experimental vs. Computational Fluid Dynamics

EFD

Experimental facilities including
all the necessary measurement
techniques

Slow and Expensive
Sequential

Limited number of points in space
and time

Expensive to change geometric
parameters

Measurement errors

Objective: To achieve a quantitative description of the fluid flow phenomena.

CFD

Computers, mathematical mod-
els, numerical methods and soft-
ware

Faster and Cheaper
Parallel

Higher resolution in space and
time

Easy to change geometric param-
eters

Numerical errors: modeling, nu-

merical method and implementa-
tion

1.5 Definition of CFD

CFD is a branch of applied mathematics and it is the art of replacing the differential
equation governing the Fluid Flow with a set of algebraic equations (the process is called
discretization), which in turn can be solved with the aid of a digital computer to get an
approximate solution. The well known discretization methods used in CFD are Finite Dif-
ference Method (FDM), Finite Volume Method (FVM), Finite Element Method (FEM)
and Boundary Element Method (BEM).

FDM is the oldest (Euler) method in CFD applications. Here the domain including the
boundary of the physical problem is covered by a grid or mesh. At each of the interior
grid points the original differential equations are replaced by equivalent finite difference
approximations. In making this replacement, we introduce an error that is proportional
to the size of the grid. An accurate solution within a specified tolerance can be achieved
by decreasing the error through decreasing the grid size.

FVM is a numerical method for solving partial differential equations that calculates the
values of the conserved variables averaged across a fixed region in space referred as a
control volume. One advantage of the finite volume method over finite difference methods



is that it does not require a structured mesh (although a structured mesh can also be
used). Furthermore, the finite volume method is preferable to other methods as a result
of the fact that boundary conditions can be applied non invasively. This is true because
the values of the conserved variables are located within the volume element, and not at
nodes or surfaces. Finite volume methods are especially powerful on coarse nonuniform
grids and in calculations where the mesh moves to track interfaces or shocks.

FEM is a mathematical (numerical) tool (just like Finite Difference Method) used to solve
complex physical problems which are not amenable to classical techniques of mathemat-
ics. It has found it’s applications in the fields of Structural Design, Vibration Analysis,
Fluid Dynamics, and Heat Transfer to name a few.

The basic idea in FEM analysis of field problems is as follows:

e The solution domain is discretized into a number of small sub-regions (i.e. Finite
Elements).

e Select an approximating function known as interpolation polynomial to represent
the variation of the dependent variable over the elements.

e Integration of the governing differential equation (often several) with a suitable
Weighting Function over each element to produce a set of algebraic equations - one
equation for each element.

e The set of algebraic equations are then solved to get the approzimate solution of
the problem.

In principle, any well-posed Boundary Value Problem can be solved by the techniques of
FEM.

BEM is an important technique in the computational solution of a number of physical or
engineering problems. It is essentially a method for solving partial differential equations.
The boundary element method has the important distinction that only the boundary of the
domain of interest requires discretization. In the BEM, only the boundary is discretized.
Hence, the mesh generation is considerably simpler for this method than for the volume
methods. The boundary element method transforms the differential operator defined
in the domain to integral operators defined on the boundary. Boundary solutions are
obtained directly by solving the set of linear equations. However, potentials and gradients
in the domain can be evaluated only after the boundary solutions have been obtained.

1.6 Important Factors of CFD

1. Physics The physics of fluid flow is governed by the partial dif-
ferential equations. In the field of aerodynamics, the
governing equations are the compressible Navier-Stokes
Equation. In general these are non-linear and no ana-
lytical solutions exist for them.

2. Modeling If the wviscosity of the fluid-flow is unimportant
(Re — o0) then the governing equations can be reduced
to the Fuler Equations. For particular physical phe-
nomenon, the governing equations can be simplified.



3. Numerics Grid generation, discretization of the PDE, boundary
conditions, solve a system of algebraic equations. Trun-
cation Errors generated by numerical procedures.

4. Visualization
5. Verification / Validation V&V

1.7 Definition of Computational AeroAcoustics (CAA)

CAA is a sub-discipline of CFD, it has its own objectives, characteristics, issues and
methods.

Objective: To understand the physics of noise/sound generation and propagation, e.g. for
community noise prediction and aircraft certification.

Special Characteristics and Issues:

e Unsteady — Time Domain method

Long Propagation Distance — FW /H, Kirchhoff

Large Spectral Bandwidth — Time Domain method

Radiation and Outflow Boundary Conditions

Solid Wall and Impedance Boundary Conditions

Acoustic Wave and Mean Flow Disparity
e Nonlinearity

Requirements on Numerical Schemes:

e Minimum dissipation and dispersion errors < correct prediction on both amplitude
and phase

e Special bounding conditions e.g.

— Radiation
— Outflow
— PML (Perfect Matched Layer)

e Less PPW (Points Per Wave length) possible

1.8 Classification of Fluid Flows/Acoustic Problems

1. The solution region of the problem
2. The nature of the equation describing the problem or

3. The associated boundary conditions



1.8.1 Classification of Solution Regions

Interior problem: Inner, closed or bounded problem.
(e.g. wave propagation inside a duct)

Exterior problem: Outer, open or unbounded problem.
(e.g. radiation from an oscillating sphere)

1.8.2 Classification of the Nature of the Equations

Mathematical Classification (Classification of Differential Equations)
Elliptic
Parabolic
Hyperbolic

Physical Classification

Viscous Inviscid

Compressible Incompressible

Equilibrium Problem (steady) Marching problems (transient)
Laminar Turbulence

Single-Phase Multiphase

1.8.3 Classification of Boundary Conditions

Dirichlet boundary condition O (7)) =p(r), 7on S
Neumann boundary condition 0P (7) Jon = ¢ (T)
Mixed boundary condition 0P (r) /On + h (T) @ (F) = w (T)

where p (7), ¢ (7), h () and w () are explicitly known functions on the boundary S and
® is a general value (e.g. pressure, density, ... ).

1.9 Some CFD and CAA Applications

Exhaust

Turbine

Compressor

Figure 1.1: Aerodynamic noise Figure 1.2: Engine noise



CENTRE IN THE SQUARE

Figure 1.4: Environmental noise
and vibration

Figure 1.5: Underwater acoustics Figure 1.6: Music acoustics

o -

Scrutinizing the fetal face is done
at around 18-20 weeks

Figure 1.7: Medical acoustics Figure 1.8: Industrial acoustics



1.10 Zonal approach / Example: engine noise computation

To compute the distribution of noise produced by an engine, splitting the region in different
zones is a common procedure (zonal approach). Different numerical techniques are used.

CAA

far sound field

Figure 1.9: Zonal approach to compute engine noise

Inside the engine many effects occur: turbulence, heat, unsteady flow, rotating boundaries.
To obtain the sources of sound inside the engine, CFD with a fine mesh is used to solve
the Navier Stokes equation as accurate as possible. Some methods are:

e Unsteady Reynolds Averaged Navier Stokes (URANS)
e Large Eddy Simulation (LES)
e Direct Numerical Simulaton (DNS)

To calculate the sound propagation outside the engine, where still boundaries exist and the
mean flow is not constant, the calculated sources of sound are used for the CA A methods.
A coarser mesh is sufficient to solve the linearized Euler equation. Some methods are:

e Finite Element Method (FEM), spectral elements

e Discontinious Galerkin

e Arbitrary high order schemes using DERivatives (ADER)
e Finite Difference (FD)

The far field with an almost constant mean flow and without further boundaries can be
calculated by using the well known far field approximations. Some methods are:

e Equivalent Source Method (ESM) (multipol expansion inside CAA / CFD region)
e Boundary Element Method (BEM) (Kirchhoff: poles on boundary)

e Lighthills analogy (equation of Ffowcs-Williams & Hawkings)



1.11 Mathematical Classification

The conservation principles are expressed as the Partial Differential Equations (PDEs).
The PDEs are therefore at the foundation of computational science. A wide variety of
PDEs are encountered in the study of physical phenonema. The PDEs can be classi-
fied according to mathematical features or according to the type of physical phenonema
involved. It is critical to classify the PDEs since the solution methods depend on the

structure of the equation.

The classical mathematical classification of elementary PDEs sterns from the analysis of

the general second order PDE

A®,, + Bb,, + C®,, + DD, + E®, + FO + G = 0.

The equations of the characteristics in physical space are as follows. The nature of the
equation is therefore determined by the coefficients, according to the following classifica-

tion:
Elliptic B? —4AC <0
(%)1 , =% 3—2_4140 Parabolic B2 —4AC =0
Hyperbolic B? —4AC >0
Examples of the three types of the PDEs:
Elliptic — Poisson’s equation Viu=—p/c
Parabolic — Diffusion equation Ou /Ot = ad?*u/Ox>
Hyperbolic — Wave equation 0?u/ot* = a*0%*u/0x?
1.12 Definition of Characteristics

Characteristics are lines (2D) or surfaces
(3D) along which certain properties remain
constant or certain derivatives may be dis-
continuous. In case of the one-dimensional
pressure wave equation a general solution is

p(z,t) = f(x —ct) + g(z + ct)

where ¢ is the speed of sound, f is a com-
mon plane wave in positive z-direction and
g in negative z-direction. If the wave only
propagates in positive z-direction the pres-
sure is constant along its characteristic £ =
x—ct = const and therefore the solution pro-
ceeds along this characteristic.

L
ot \/ \ X

X-ct=const.
Figure 1.10: Characteristic of a plane wave

The characteristics, if they exist and are real curves within the solution domain, represent
the locus of points along which the second derivative may not be continuous.



The general second order PDE
A®,, + BY,, +COy + DO, + E®, + FO+G =0
and the differentials

db, = Oydr+ Dyydy
dad, = &,.dv+ d,dy

can be set to a linear system of equations

A B C D, —(D®, + E®, + F® + G)

de dy 0| |Pyy| = dd,

0 dx dy o, o,
—_—

coefficient matrix
If the determinant of the coefficient matrix is zero, then there may be no unique solution
for the second derivatives (discontinuity). Using the rule of Sarrus for the coefficient
matrix leads to

Adydy + Cdxdx — Bdxdy = 0
dy 2 dy
Al—=) - B—+C = 0

dx dx
dy\*> B
dx Adr A

The solution of this quadratic equation is given in the box above to determine the math-
ematical classification (elliptic, parabolic or hyperbolic PDE).

1.13 The Well-Posed Problem

In order for a problem involving a PDE to be well-posed
1. the solution to the problem must exist,
2. the solution to the problem must be unique and

3. the solution to the problem must depend continuously upon the initial or boundary
data.

Example 1
Demonstrate the problem of continuous dependence on boundary data.

Laplace’s equation:
Uz +Uyy =0 —oc0o<zr<oo y=>0

Boundary Condition:

U(z,0) = 0
Uy(z,0) = ! sin(nx) n >0
n



Using separation of variables, we obtain

U= Ll sin(nx) sinh(ny)

n2
Analysis:
For large n, we have
1 n
U ~ ﬁe Y
1 n
Uy ~ 56 v

However, from the boundary condition, we have

U(z,0) = 0
Uy(xz,0) = %sin(nm)

By comparing the behaviors of Uand U, from the analysis of the solution and the bound-
ary conditions, we can easily see that the continuity with the initial data is lost. Therefore
the problem is a ill-posed problem.

Since the Laplace’s equation is elliptic type, the solution depends on conditions on the
entire boundary of the closed domain. In the above example, the boundary conditions are
only given on the line y = 0. This caused the problem to be ill-posed.

The correct boundary conditions (e.g.) should be

x =0, U=U,
=L, U="U,
y=y U="Us
y=H, U=U,

10



Example 2

Solve the second-order wave equation in characteristic coordinates

Uep =0, ¢ = z+ct

xr—ct
Initial data
U,n7) = »n
Uf(ov 77) - ¢ 77

Taylor-series expansion in ¢ to obtain

2

U(En) = U0, )+ EU0,n) + S Uee(0.m) + .
We have (due to Ug, (0,7) = 0)
¥ (n) = constant = ¢;

and (due to the permutability of the second order derivatives and U, = 0)

¢ on
= Uee = [(&)
= Ug(0,n) = constant = ¢y

Putting altogether in the Taylor-series expansion we obtain

5'2
U,n) = omn)+al+=c

2
= »(n) +9(§)

We are not able to uniquely determine the function g(£) when the initial data one given
along the characteristic £ = 0. The problem is ill-posed.

11



2 A Review of Finite Difference Methods

2.1 Definitions

Consistency: A finite difference approximation of a partial difference equation (PDE)
is consistent if the finite difference equation (FDE) approaches the PDE
as the grid size (Azx, Ay, Az) approaches zero. FDE = PDE.

Stability: If errors (truncation, round-off, mistakes) from any source don’t grow
as the calculation proceeds from one marching step to the other.

Convergence: A finite difference scheme is convergent if the solution of the FDE ap-
proaches that of the PDE as the grid size (Az, Ay, Az) approaches zero.

Lax’s equivalence theorem:
For a well-posed initial value FDE, stability and consistency of the FDE are the necessary
and sufficient condition for convergence.

2.2 Taylor Series Expansion
2.2.1 Examples

Given an analytical function f (x), the values f (z; + Az) and f (x; — Ax) can be ex-
panded in a Taylor series about z; as

0 0?
fl+1 = f (;Ul + AJJ) fl ( f> Az + 5 (a—f) Az?
: 2.1
—l— 57 83_f Am3 + ()
93 .
respectively
0 1 [0?
fiii=f(o—Az) =f, — —f Az + —J; Az?
. 21\ 022 ),
5 (2.2)
8 of A +.
923
Eq. (2.1) - Eq. (2.2) results in
of S = fia
(5r), = M5ar vo o)
This is known as a three-point-stencil central difference approximation of order O (Ax)Q.
For higher order accuracies, such as O (Az?*) and O (Ax®), the first order derivative, (%) »

can be approximated with additional positions as

of —fir2 +8f141 — 8fi-1 + fi2 : .
(%> = 19Az +0 (Aaz4) 5-point fourth-order stencil
— 4 —45f;_ o — fio
of _ Sy =912 +45f10 — 4510 +9f10 — fios + O (Az®)  7-point sixth-order stencil
Ox 60Ax

12



: o 2 3 :
For higher order derivatives such as 24 and 24, we can derive

922 923
P\ fia—2fi+ fia 5
(32), - o TOBT)

and

(an) _ fire = 2fii +2fi1— fie n
!

o3 ), 2 (Az)? 0 ()

2.2.2 First Derivative

In general, consider the approximation of the first order spatial derivative % by a finite
difference formulation on a uniform grid of spacing Ax
M

of 1

= = a;fiy; + O (AN M 2.3

(8$>l Azr Z Jfl+] ( ) ( )
j=—N

where a; are coefficients to be determined and [ is an integer representing a grid point.

The total points of stencils used are (N + M + 1)-point-stencil.

-3 -2 I-1 1| I+1 [+2 I+3

OO0 00 000000

[ SEO Mamern, oo
i\'T .'M

Figure 2.1: Nomenclature of the stencil

Using the Taylor series expansion, we have

() o (8 v () v )

J

~

Ji-n
2

+a_Niy1 (f (SEl) =+ (%)l(—N—F 1) Az + (%)l%[(—]\[—i— 1) Ax]2+ )

) fzJH ’
+ ..
+aofi
+ ...

2

+ay 1 (f(a:l) + (%)Z(M— 1) Az + (%)l%[(M— 1)Aa:]2+...>

) fz-:z\?q ’

2

+an (f(xl) + (%)lMAx—F (%)l%(MA:U)Z—F) + O (AN

N J/
-~

fiem

13



Gathering terms of same order in derivation and taking A%C out we get

of 1
(%)ZZA_x (1) Z a; + Ax (89&) Z a;j

1 2f\ o
+ 5 (Az)® <8_x];)z Z a;j* + ... (2.4)

LAy ot N I N+ M
+(N+ M) (Az) Hr(N+M) | 'ZN a;j
fa

Comparing the left hand side with the right hand side of the equation we obtain the

4 O (A:L‘N+M)

coefficients for first derivative

M . from _of
j:Z_Naj—O - flaer) (Z%’) =5y 0 flzr)

J

M
. from df . _of
X oai=1 3 %m<2“ﬂ) o
J

. from  gen . b dafm
£ =0 g (o) <grots
J

j=—N

Therefore we get a system to determine the coefficients a; of the stencil, where o = 2,
3, ..., N+ M, there are then N + M + 1 linear algebraic equations with N + M + 1
unknowns a;, j = —N, ..., M. The unique solution will determine the coefficients a; of
the finite difference approximation.

o
]

i a_nN 0

j' a_(n11) 1

5 a(ny2)| = |0 with j=[-N —-N+1 --- M]
-zN-i-M- I ay | -0-

From the above Taylor series expansion (Eq. (2.3)), we have

M

1 ; _(9f N+M
A_Z xH—yAx)-(ax)quO(A:er )

The order of the truncation error is therefore N + M.
The above procedures show that from the Taylor series expansion the maximum order of
accuracy which can be achieved with a (N + M + 1)-point-stencil is N + M.

14



2.2.3 Second Derivative

Similarly, for the second order derivative 2L, we have

02
ox

0 L\ Va1
(aZL’Q)l = (Am)Q Z ajfl+j + O (AI )

j=—N

Using the Taylor series expanxion according to the First Derivative, we have

(22), =g 10 35 0 (2), 35 0

1 2 (OPF\ o= 4
—l-ﬁ(Ax) <@>l Z a;j° + ...

j=—-N

. 1 ()N ONtTM f i 0,7V | + O (AzNHM)
(N + M)! 0uNHT ) 2

After Tayler Series Expanxion and comparing the left hand side with the right hand side
of the equation, the coefficients a; can be determined by

coefficients for second derivative
M
Z a; =0
j=—N
M
Z ajj =0
j=—N
M
Z a;j? = 2!
j=—N
M
Z a;7* =0
j=—N
where a = 3, 4, ..., N + M. The maximum order of accuracy for the Second Derivative

which can be achieved with a (N 4+ M + 1)-point-stencil is N + M — 1, except for the
central difference approximation which is N + M.

The same procedure can be applied to evaluate higher order derivatives.

15



2.2.4 Finite Difference Approximation of mixed Partial Derivatives %@fy

There are two approaches

(a) Taylor Series Expansion

0? a (8

We will only discuss the approach (b).

Using (g—g)‘ = —fi’”;;zi’j’l + O (Ay?), we have

2y

Pf 0 [fijm— fija 2

dxdy Oz [ 2Ay } +0(4y)
_ 1 |of af 2
- 2Ay | Ox i 9T +0 (Ay )

Applying a second order central differencing for % under the assumption of orthogonal
grids

a_f _ fi-i—l,j—l—l - fi—l,j—i—l + (,) (sz)
ox i 2Ax

of i1 — ficga 9
ox i1 N 2Ax +0 (Ax )

we have
Pf o firrg — ficrg — firngo1 + ficra
oxdy 4Ax Ay
Similarly, if a first order forward differencing is used, we can then have
*f g — figer = fog + fiy
oxdy AxAy

+0 (AxQ, AyQ)

+ O (Azx, Ay)

2.2.5 Finite Differencing for Unequally Spaced Grid points

Following the procedures below, we can derive the first order approximation for the second
order derivative and the second order approximation for the first order derivative.

(a) Taylor Series Expansions for f (z + Az) and f (z + (1 4+ o) Azx) around x.

/) /) /)
N N N
| AX | aAXx |
| | |
i i+1 i+2

(b) Sum up Taylor Series Expansions: — (1 + «) f (z + Ax) + f (z + (1 + a) Ax)

o f _ firg = (14 ) fiy1 + af;
Oz? %a (14 «) (Aa:)2

= + O (Ax)

(c¢) Replace (%) _in the Taylor series expansion for f (xz + Ax) by the above equation,
we have Z

af _ ~fizt (1+ )’ fin—a(a+2)fi

2
or a(l+a)Ax +0(ar%)

=
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2.3 Consistency analysis of the schemes
2.3.1 Example I: FTCS

Heat conduction equation

Scheme
FTCS: Forward in Time and Central in Space
Tttt T 2T AT

A T (a2

(FDE)

Expand each T in a Taylor series expansion about 77" (i: position, n: time)

Y;n-l-l — CZ‘;;TL (8_T> At + <3t2 )Z (At) (AtS)

Tho =T+ ()7 A+ (55), 455+ (55), 55 + o)
n . )3
T, =T - (8) A+ (55) 52 - (35) & 1 o(as?)
Substituting the above Taylor series expansion into the FDE
oT\" OPT\" At?
A | T + (—) At + (—) — + O(A) -T7
¢ i

ot? 2!

(. J

~~
n+1
Ti

n 2 n 2 3 n 3
o | () e (BTY A (0TY A
~ Tzl 2

o (OT\" 9*T\" (Ax)? PT\" (Ax)? 5
o _<%)iAx+(a$2)i 2! _<ax3)i 3l +Ola)

(. J/
~~

n
Ti*l

Simplify the above equation

1 TLAL+ O(A?] = [2F + 0(as?)] or
O — 2L — SOT + O[(AL?), (Az?)]
it 20 4. FDE _ PDE.
Az — 0

We have 8T ’y o I the method is therefore consistent.

17



2.3.2 Example [I: CTCS
Heat conduction equation

8T 92T
= VozZ

The Dufort-Frankel Scheme (Central in Time and Central in Space)
CTCS
T ~ with modification

Tt _pn-t T
2 2 —
2At v Axz?

Expand T;"*!, T, T7*; and T, in a Taylor series about 77" and
substitute the results into the above FDE, we have

(FDE)

O 4y OT (A)? = 42T 4 O[(At?), (A2?)] or

%—?— W+o[<At2) (Az?), (ﬁi)}

The method is consistent if only At and Ax approach zero and if ﬁ—; — 0.

If (&) — C (constant), we have

38_€ 4 702%275 = fyg% hyperbolic equation

In this case, the method is not consistent.

2.4 Von Neumann Stability Analysis

When one applies finite difference methods blindly, it is very easy to create one that is
unstable. That is very small error can grow until a solution variable “blows up”. Von
Neumann stability analysis is one of those easy methods that give a necessary condition
for stability. Although the actual stability requirement may be more restrictive than the
one obtained from the Von Neumann stability analysis, the results from the Von Neumann
stability analysis can provide very useful insight on stability requirements.

Von Neumann analysis is derived from a Fourier series representation of a finite difference
equation. The decay or growth of the amplification factor indicates whether or not the
numerical algorithm is stable. In general, the linearization of the equation is a requirement
for the application of the von Neumann analysis. A locally linearized equation should be
used for a nonlinear equation. The procedures are quite simple.

The followings are three examples of using von Neumann stability analysis to decide
the stability of a finite difference method.

18



2.4.1 Example I: The unsteady heat conduction equation in one-dimension
ou  9°U
ot~ oa?

The equation can be discretized in FTCS formulation as

Ut -y U =200 + U

2.5
Assuming a Fourier component for U* in space where [ is the imaginary number
UZn — Un610i
pgrtl el loi
7,’3:1 Unefe(i:l:l)

By substituting the Fourier components into the above equation (2.5), we have

U™t = U"[1+ 2d(cosf — 1))
— Ut = QU

where A 10 10
; _
Q )27, cost%, G=1-2d(1—cosb)
x

The stability requirement is that the value of the amplification factor G, must be bounded
for all values of . That is

G| <1
or
1—-2d(1—cosf) <1
and
1 —2d(1—cosf) > —1

for all
N8

Therefore the stability condition for the FTCS scheme is d < § or yAt < $(Az)?.

When there are more than two time levels involved in a FDE, after applying the von
Neumann stability analysis the equations are expressed in a matrix form such as (for a
three time level discretization U™t = AU™ + BU™ 1)

o =1 o Lo

Now the amplification factor G is a matrix

o-[4 2]

The stability criterion is then that the eigenvalues of G ()\;) must satisfy the stability
condition |\;| < 1.

19



2.4.2 Example II: The 1-D ”wave equation”

oU oU )
E+a%—0 with a > 0

Several methods are considered for the von Neumann stability analysis in the following.

e Euler Explicit Method (FTFS: Forward in Time and Forward in Space)

nt+l_prn n__pyn
FDE = U a5 g a0
with Uzn — (]nelé’i7 Uin-i-l _ Un+1610i’ Z—Li—l — UneIG(iJrl)
. Un+16]9i7Un€IGi U"ew(”UfU”ewi
we have 0= ~ +a N
0= yrtli_uyr + o [UneIQ _ Un}
At Az
Un+1 —Ur+ z_Axt [Unele o Un} =0
Urtt = U [1+ %28 (=" +1)] = GU™
where G=1+9%L_ Bl — 1 4 (1 —cosf) —idsinf

Since we have |G| > 1, FTFS method for this problem is
unconditional unstablel!

e The first upwind differencing method (FTBS: Foward in Time, Backward in Space)

uptt-up Up-ur,
FDE = = 0

Application of the von Neumann stability analysis yields
Uttt =U" (1—c+ce ™)

where ¢ = ‘Z—Axt, the Courant number. The stability condition is therefore ¢ < 1.
Please note that for a case of a < 0, a forward differencing in space must be used.

e The Lax method

Using the von Neumann stability analysis, we can show that Euler’s FTCS method
is unconditional unstable, i.e.

n+1 n n n
Ui B Uz _ aUH—l B Ui—l

A7 — 5AL unconditional unstable!

but if we replace U by U = 1 (U4, + U",), we have

At
(Ur +U,) — 222 (U, — Ur)

1
n+1
Ui+:_ 2Ax(i+1

2

Von Neumann stability analysis shows that the Lax method is conditional stable
when ¢ < 0.

20



e The Lax-Wentroff method
From Taylor series expansion, we have

oU 92U (At)?

At) = A —— At)?
Ulx,t+ At) =U (z,t) + oy t+ 52 3l + O (At)
ie. ) )
ou 0°U (At) 3
= Ut A+ At
Ui = Uit At G O 81
From the "wave equation”, we have
o _ U
ot ox

0*U o [(oU o [oU 82U
- ——=—a— | — | =—a— | —
ot? ot \ Ox Ooxr \ Ot 8:62

Substituting % and ZY from the above equations into the Taylor series expansion

8t2

oU (At)? [ 02U
n+l n -
ur =U"+ ( a_8x> At + 5 ( 97

Using 2"-order central differencing method for the spatial derivatives, we have

ur, -0, 1 ur, =200+ U"
Un+1 Un At i+1 i—1 -2 At 2 i+1 i i—1
¢ [ 2Ax R (A¢) (Az)?

This explicit scheme is stable when ¢ < 1. The order of accuracy is O [(At)2 , (AI)Q] .

e Euler’s implicit method (BTCS: Backward in Time, Central in Space)

urtt-up ntl n+1
Uz—i—l Uz'—l )

FDE = AT T T T3Az (

After applying the above equation to all the grid points at the time level n + 1
(unknown), a set of linear algebraic equations will need to be solved. The equations
can be represented in a matrix form, where the coefficient matrix is tridiagonal.
The method is unconditional stable and the accuracy is of order (At), (Az)?

e The McCormack Method

The method is a multi-level method and is widely used for solving fluid flow equa-
tions.

: . ur-uy Ui, oy
Predictor: = A
L1
. UZLH—U: 2 Ur-ur,
Corrector: Ia o — —a——7x

nti . n+i
After the term U, BT replaced by an average value Uj i % (U 4+ U}) we have

Corrector: Uttt =1 [(Ur + Up) — 24 (U = Ur )]

1
2

At <1

The method is explicit and conditional stable when ax;
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e Splitting methods and Multi-step Methods

Splitting methods: It is to split a finite difference scheme into a sequence of one-
dimensional operations and then to solve them sequentially.

e.g. ADI method (Alternative Direction Implicit method) for o =« [%jg + ?;73]
n+i n n+i n+ n+i n n
Ui,jQ_Ui,j:a Uiy — 20, ;2 + U, 2+Um+1 200+ U
7 (Ax) (Ay)
and
Ut - U | Uik — 20 YIuME Un —2unt Ut
Bl (Afﬂ) (Ay)”

Multi-step Methods: These methods have in general two steps. In the first step,
a temporary value for the dependent variable is predicted. In the second step, a
corrected value is computed to give the final value of the dependent variable.

e.g. The McCormack Method.

2.5 Fourier Error Analysis

In order to choose a finite difference scheme for a given application, we must be able to
access the accuracy of the scheme. Although a leading error term can be determined
from a Taylor series expansion, this measure only provides very limited information. The
Fourier error analysis can describe the error behavior of a finite difference scheme.

An arbitrary periodic function can be decomposed into its Fourier components, which are
in the form e'**, where « is the wavenumber and ¢ the imaginary number.

Let us consider the following function and its first derivative

f )= o
filj; = e’ (analytical solution of the first derivative)

In the following, the numerical solution of the first derivative is determined and compared
with the analytical.
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2.5.1 Using a second-order central differencing
df fit1 = fi 9
— ) ==—+ 0 (A
(dx>j ony T O)

eia(ij+Aaz) _ eia(ijfo)

AL +0 (AxZ)

et (ezaA:v _ efzaAa:>

2Ax +0 (AxQ)

0 1 |
(a—iC)] N oAn [(cos aAx + isin aAx) — (cos Az — isin aAx)] '

sinaAzx .
= ]} —-8€ J
Ax
~—
=a*

=i’ (numerical solution of the first derivative)
where o* = sin aAx

s the effective or modified wavenumber.

Note that o* approximates « to second-order accuracy as expected.

a3 Az?

6

Re{(0AX) }

af=a—

1 .
- ideal !
— — CDSTaylor O(2)
=
Ko
= 0,5 —
<
S
- .”/// \\\ —
o ~
s N
N ~
7 AN
14 N\
/ N
7/ N
v \
/7 \
ok’ . | . °
0 0,5 1
OAX [XTT
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2.5.2 Using a fourth-order central differencing

df —fixo +8fj41 — 8fj—1 + fi—2 1
e A
dr|, 12Ax +0 (az')

—eia(mj"'?A@ + Reio(@j+Az) _ goia(z;—Ax) + eio‘<zj_2Az)

4
AT +(’)(A:U)

eiaxj [_e2iaAJ: + SeiaAJ: - 8€—iocAa: 4 e—iaZAa:}

4
oAL —i—(’)(Ax)

of\ _ | sin(2aAz) N dsinalAz] .,
or ; ~ 6AT 3Ax e

b . sin (2aAz)  4sinaAzx
ere o = —

where d 6Az 3Az
4o’ Azt N

3Az5!

Re{(0AX) }

- ideal !
CDS Taylor O(4)

o
ol
I

(aAx) [xTd

’ | !
0 0,5 1
0AX [xTg

Note that this time a* approximates « to fourth-order accuracy as expected.

From the above two examples, we also have noticed that the modified wavenumber is
purely real when a central differencing is applied.
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2.5.3 Using a second-order backward differencing

df 3fj —4fi—1+ [i2
—| = O (Ax?
dz |, 27z +0(a)
36ia(x]~) _ 461'04(3:ij:):) + eia(mjfZAx)
= O (Az?
2Ax * ( v )
eiaxj [3 _ 4671'an + 672iaAz}
= O (Az?
2Ax * ( v )
lazj [(3 — 4 A 20A | (4sin Az — sin 2aA
_ e [( cos aAx + cos 2aAx) + i (4sin Az — sin 2« 'T)]+O(Ax2)
2Ax
of 3 — 4cosalAx + cos 2aAx n 4sinaAz —sin2aAz | . 4,
— ) =~ |—i ie
Oz ) ; 2Ax 2Ax
— ia*eia:cj
L . 3 — 4 cos oAz + cos 2aAx . 4 sin aAx — sin 2aAx
ere o = — 1
h 2Ax 2Ax
o
= —izo/lA:L’?’ +a+ EAxQ
Re{(aax) } Im{(aAX) }
1 .- ided I 1 T ideal I
-— BDSTaylor O(2) —— CDSTaylor O(2)
3 CDS Taylor O(4) i
.= BDSTaylor O(2)
1 05 .
././ \\ L J
£ ."/ \'\ E
«’>'<‘ 05+ K4 '\ — *,>.<\ [0) S - —
g / \ g N
/o \ - \'\_ g
/ \ \'\
s v 051 Y -
A \ > N
4 \ N
s~ \ I N |
< \ | \'\
s l ) v
% 05 1 o 05 1
alx [xr] alAx [Ty

When a non-central differencing is applied, the modified wavenumber is complex, with
the imaginary component being entirely error. The imaginary component can be avoided
by using central differencing schemes. In general, the modified wavenumber has both real

and imaginary parts. By assuming an harmonic function e’ 2% the numerical error in
the phase (dispersion) is determined from the real part of the modified wavenumber and

the numerical error in amplitude (dissipation) is determined from the imaginary part of

the modified wavenumber.
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All differencing methods are shown here:

Re{(0AX) }

1
.-+ ided | '
— — CDSTaylor O(2)
CDS Taylor O(4)
-— BDSTaylor O(2)
/'/ \.1\”.
/7 \
E a \
-kli. c/ \-
50,5— 7 \ —
g K4 \
K> \
/'/.”..,"__—‘*\ \
n ,_'./’/’ N v
177 AN \
y//’h/ \\\ \
/ \\ \
/ S\
’/// | \\
o | | N
0 0,5 1
OAX [xT]

For small o, the approximation of o by a* is good. For higher « the accuracy of o de-
creases. For high-order schemes, however, the accuracy of a* prolongs for higher wavenum-

bers. That’s why greater wavelenghts or lower frequencies can be computed more accurate
by high order schemes.

One can see from the image above, how many points per wavelength (PPW) is needed to
get an accurate approximation for a distinct frequency. PPW is determined by ﬁ, where
A is the wavelength. The definition of the wavenumber is given by
_ 2r 2m

2T
A = « = alAzx

hence for aAz = 0.5 4 PPW are necessary.

(67

Considering the image above, for a second-order central differencing scheme the highest
resolvable wavenumber is about aAx ~ {5, that are about 20 PPW. For a fourth-order

central differencing scheme the highest resolvable wavenumber is about aAxz ~ %, that
are about 12 PPW.
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3 Optimized Spatial Discretization

Literature: Tam [2], Lele [1]

Consider the model wave equation.

oU oU
— — =0 3.1
ot oz (3.1)

with the fundamental solution .
U (x,t) = ellee=et (3.2)

Without the loss of generality, we assume that ¢ > 0 with. Substituting (3.2) into (3.1)
we have
Tt (w4 ica) = 0 (3.3)
To let this equation be true and therewith equation (3.1), it’s required that
w=ca .

This is the ideal dispersion relation for the model wave equation.

After using the spatial discretization for the first order spatial derivative on a uniform
grid of spacing Ax we get

oU 1 &
(%) ~ A_:]j Z ale+j (34)
l j=
where U ; = U ((I+j) Az, t), (%—g)l = w and a; are coefficients which will be

determined according to required order of accuracy and other properties.
Substituting the above equation (3.4) into equation (3.1), we obtain a system of semi-
discrete ordinary differential equations

dU .
<E)l + A—x;_:NajUHj =0 (3.5)

Consider the fundamental solution of equation (3.5) with a given wave number « in the
form of

U, (1Az, t) = eilatha=wh (3.6)

where s stands for semi-discrete to distinguish it from the fundamental solution given in
equation (3.2). Substituting equation (3.6) into equation (3.5), we have

M
(alAz—wt) | _ - i lajAx |
e tw + Ax Z aje =0
j=—N
In comparison with the solution of the original solution (3.3), we see that the effective
numerical wavenumber & is defined as

.M
—iw +ca = —z’w—l—A— E eI
x
j=—N
;M
=>a = —E E Oéjeza]Az (37)
—
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Then the dispersion relation of the semi discrete equation (3.5) is given as

w = ca
From the above dispersion relation, we can write the fundamental solution with a given
wavenumber « of the semi-discrete equation (equation (3.5)) as

U, (lAJZ',t) _ ei(alAzcht) _ ei[alA:rfc(o?rJrio?i)t] _ eioc[le—c(%)t] ecit (38)
where @ = @, + i@;.

The phase velocity v, = ¢ (@, /) is no longer a constant, unless that &, = « (not possible
in a numerical solution). Waves with different wavenumbers therefore propagate with
different speeds, above or below the speed of sound. For an initial wave with different
wavenumbers, its wave shape is no longer possible to be kept unchanged. That’s why an
pulse isn’t kept unmodified. This phenomenon is called dispersion, whereupon the real
part of the numerical wavenumber @, is responsible for. [2]

Note that if @; # 0, in addition to traveling with different speeds, waves with different
wavenumbers are now growing or diminishing with different factors. This phenomenon
is called dissipation, at which the imaginary part of the numerical wavenumber a&; is
responsible for.

ca; > 0 unstable (growing)
ca; <0 stable (diminishing)
Von Im{ (ax) }
! | \'\ - IglgaslTaylor 0(2) -- Igl(-‘aJaélaTaylor 02 / f/ /?/f///
| / . DS Taylor O(4) /| — CDSTaylor 0(4) /// // 7/
! . L= _BDSTajloroQ) -—- BDSTaylor O(2) / / 7
11 /'/ '\ _ 0,577 % / 7 / 7
3 07777777
05} stqble .
15 ‘ o‘.5 ~ ‘ 1

aAx [xr]

Comparing fundamental solutions from semi-discrete equation (3.8) and analytical equa-

tion (3.2), we have
Us (1A, t)

U (lAx,t)
Therefore the phase and the magnitude errors introduced by the spatial discretization of
equation (3.1) are

_ eic(a—aT)tecEit (39)

‘q)S(t) - @l: e (o — @)t (phase)
G (t) = e (amplitude)
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In order to minimize the dispersion and the dissipation errors in a numerical scheme, we
would like to revisit equation (3.7)

where a: the effective wave number of the finite difference approximation.
aAx: is a periodic function with a period of 2.

Equation (3.7) can be rewritten as

M
alAr = —i Z ;e *InT
j=—N
M
=—i Z laj cos (ajAz) + ia; sin (ajAx)]
j=—N
ajsin (ajAz) —i aj cos (ajAw)
_N j

I
WE
M=

—N

J
By considering @ = @, + i; and comparing the left hand side of the equation with the
right hand side we obtain:

M
a,Ar = > a;sin(ajAx) (3.10)
j=—N
M
a;Ar=— Y ajcos(ajAx) (3.11)
j=—N

So one aim for optimization is to let o, Az — oAz (minimization of dispersion error) and
a; Az — 0 (minimization of the dissipation error).

For optimization purpose, a range of wavenumbers in which the integrated error should
be small has to be defined. In the following picture the optimization range is set to 0 in
general.

To assure minimum local truncation errors over a given range of wavenumbers, e.g. waves
with wavelength longer than 4Ax (i.e. A > 4Ax) or aAx < 7 = 0, the integrated error
is defined with the Euclidian Norm as

5
E ::/ la, Az — @, Az|* d (aAz)
-5

b alz —1\° ’
+ / a,Ax + sgn (c)exp | —1In2 (—)
-5

o
in which the second summand represents the imaginary part of the numerical wavenumber

(3.12)
d (aAx)

For now, let’s consider a central finite difference scheme (a; =0, M = N).

E = fis laAz — aAz|’ d (aAx) (3.13)
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Re{(asx)’}

====ideal

— — CDS Taylor O(2)

(ax)” [xg
o
(2]

optimization zone

In order to have @; = 0, the coefficients a; must be antisymmetric, i.e.,

ag =

a_

alAr =a,Ax =

j =

0

Z a;sin (ajAx)

j=—

N
2 Z a;jsin (ajAx)

J=1

aj
N
N

Substitute the above expression for @Az into equation (3.13), we have

5
E:/
-5

The conditions for F to be minimum are

OF

)
aaj ’

N
alAx — 2 Z a;sin (jAz) | d(aAx)

j=1

2

(3.14)

Theoretically there are NV equations for IV coefficients a;. If a; are determined solely by
Taylor Series expansion, the order of accuracy that can be achieved by a seven-point-

stencil is 6. By considering the coefficients’ antisymmetry a_; =

—a; as well as ap = 0,

the coefficients for the first derivative can be evaluated with the box on page 14

7=1
3
23 a;52=0
j=1
3
23 a;5°=0
j=1

__ 45
(11—@

9

¢ W2 =g
_ 1
&3—@

oz

Of\ _ Jrs = 9f1r2 +45f1i1 —45fi1 +9f12
1 60Ax

- fl—3 + O (ACL’6)
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If we combine the Taylor series method and the wavenumber space optimization method
for a seven-point-stencil scheme,

1) keep the order of accuracy 4 and solve the resulting linear system of equations (choose
a; as a free parameter (without loss of generality)):

2 ajj=1
=1
: o (ar)
2> a7 =0
=1
= a9 = 2%—%@1
as = —12—5 -+ %al

2) substitute ay and ag into equation (3.14), the integrated error E is a function of ay
along. In the following the range of optimization is set to 6 = 7. The value of a; can be
decided by the condition

28— 0 (3.15)
ie.
5 3 2
E:Q/ [ﬁ—ZZajsin(jﬁ)] g where 3 = aAx
0 =
gTE: 6 3 3 oa.
Ja —4/0 [5 —2 ;aj sin (jﬁ)] Lz; a_ai sin (jﬁ)] dg =0 (3.16)
and thus

ag = 0

a1 = —a_1 = 0.79926643
as = —a_s = —0.18941314
a3 = —a_z = 0.02651995

The numerical scheme developed above by combining the Taylor series method with the
wavenumber space optimization method is called the Dispersion Relation Preserving
scheme (DRP) |[2], which minimizes the dispersion error.
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4 Optimized Time Discretization
Literature: Tam [4], Hu [1, 2]
There are two types of explicit time-marching schemes.

(a) Single-step scheme (e.g. Runge-Kutta method)

(b) Multi-step scheme (e.g. Adams-Bashford method)

We will discuss the optimized multi-step method.
Suppose (t) is an unknown vector and the time axis is divided into a uniform grid time

step At. Assuming that « and Cfl—f are known at time level n, n — 1, n —2 and n — 3. One
can get the value of the next time step (n + 1) by

(nt1) _ ~An) : di\ "
2D — g 4 ArS T (2 41
D — g 4 Z<dt) (4.1

1

a weighted average of the time derivatives
(4-level finite difference approximation)

Four coeflicients, by, b1, b and b3 need to be determined. Using the Taylor series expansion
around n for the derivative of time, the last term on the right side of equation (4.1) can
be written as

o (3 s ()

Substitute the above expression into equation (4.1), we have

it — gn) o\ ™
—————— =g+ b1 + by + b3] | =
AL [bo + b1 + bz + 3](815)

|
+ Atbs

0% (n)
—by — 2by — 3b3| At | —
+ [t 2 3] (8t2>

bi by oo, by o] o (000"
+{2!+2! (2745 B A G

[ er B e (20) " o ar)
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or
o (n)
ﬁ(n-‘rl) = Q_[(”) -+ [b() + by + by + bg] At (E)

62?2‘ (n)
—by — 2by — 3b3] A | =—
+ [~ 2 3] (8752)

b by o by o] as (0P
+[§+5(2)+§(3)]At 50

. [_ﬁ L b (3)3] At (%) Yo (A#)

Compared to the Taylor series expansion for ("1

N () 2. () s\ ™ SN
ﬁ<n+1):ﬁ(n>+m<%> LA (au) +1At3<8“) +1At4(@> +0 (A°)

ot 2! o2 3! ot 41 ot
we can set
3 3 1
bh: =1 5
Z d Zbﬂ 2
Jj=0 j=1
3 3
1 1
2 I
Z bjj* = 3 Z bjj* = 1
j=0 7=0

The four coefficients b; of equation (4.1) can be completely determined. In order to
construct an optimized multi-level scheme, we will choose three of the four coefficients b;

(e.g. j=1,2,3)

3 N

Sih=1

S . by = —3by + 22
J;b]] - 16
3 ) ) b2:3b0—?
jgob]] BE ba = —b 23
3 3= —0p+ 35
> bt =1

Jj=0 Y,

The remaining coefficient by will be determined by the optimization. The time discretiza-
tion is therefore of 3" order.

The optimization is done by demanding the Laplace transform of the finite difference
scheme (eq. (4.1)) to be a good approximation of that of the partial derivative. The
Laplace transform and its inverse of a function f(t) are related by

Flo)= - [ rwea

ﬂw:/&wam

T
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Figure 4.1: upper @ half plane (Tam and Auriault [3])

The inverse contour I' is a line in the upper half w-plane parallel to the real-w-axis above
all poles and singularities.

Let us write equation (4.1) with a continuous variable

3 = .
Tt + AL = @ (1) +AtZ@W

J=0

(4.2)

Applying the Laplace transform to equation (4.2) and using the shifting theorem
ft+ At) = e @Atf

we have

3 .
~ —iw ~ wj du
e WA — G+ At < E bje JAt) N

j=0
i [e—iwAt _ 1] ot
= =
3 o ot
At Y bjeiwiat
=0
With derivative theorem 94
U
we have ,
6—zwAt -1 ‘
— s T W
At Z bjeiijt
j=0
By comparing the two sides of the above equation we have
o —iwAt
1 (e -1
i)
At Z bj@iijt
7=0

where w is the effective angular frequency. The integrated error F; is then defined as

B - / {0 [Re @AL — WA + (1 — o) [Tm @A — wAD]?} d (wAt)

-n
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Where ¢ € [0;1] is the weighting factor and 7 is the frequency range we would like to
have a good approximation between w and w (similar to the optimization range ¢ for the
spatial approximation). Therefore, the aim is to get @ = w. If o = 1, only the real part
of the deviation is considered, thus the dispersion. If ¢ = 0, only the imaginary part is
considered, thus the dissipation.

To achieve a minimum integrated error, we need the condition for the undetermined

coefficient b, 5
Ey
=0

B2

For ¢ = 0.36 and n = 0.5 we can determine the coefficients as
by = 2.3025580888, b = —2.4910075998

by = 1.5743409332, b3 = —0.3858914222

4.1 Group Velocity Consideration
Literature: Tam [4]

Let A (z,t) be a fundamental solution of the (one-dimensional) wave equation

82_14_ <a>282A:0

dr>  \w/ o2
We have
A(x,t) = Agcos (ax — wt)

and the phase velocity
w

Uph = —
Consider a simple wave packet formed out of the superposition of two cosine waves
A(x,t) =cos[(a — Aa)x + (w — Aw) t] + cos [(a — Aa) z — (w — Aw) t]
Using a trigonometric identity
cos [(ax — wt) £ (Aax — Awt)]
= cos [(axr — wt) cos (Aax — Awt) F sin (ax — wt) sin (Aax — Awt)]

Therefore
A(x,t) = 2cos (ax — wt) cos (Aax — Awt)

Now think of this wave packet as a cosine wave of frequency w and wave number «
modulated by a cosine function cos (Aax — Awt). The modulated function is itself a
wave, and the phase velocity of this modulation wave is v = dw/da.

E.g. w =6 rad/sec a = 6 rad/meter
dw = 0.1 rad/sec da = 0.3 rad/meter

The phase velocity of the internal oscillations is v,, = w/a = 1 meter/sec whereas the
modulation envelope wave has a phase velocity vy, = dw/da = 0.33 meter/sec.
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The group velocity is the rate at which modulations within a wave travel through a
given medium and information are transported.

For the DRP (Dispersion-Relation-Preserving) scheme, the dispersion relation of the wave
is given as
W (w) =w(@(a)).

(Assuming waves propagate in the x-direction only) The group velocity of the wave is

— dwda
_dw _dwd@da_ =

Vgp = — = ——— = &4
" da  dwdado Z—“’
w
With an acceptable approximation j—g ~ 1 and from the numerical dispersion relation
9 ~ ¢ we obtain
164
_ da
U M OO

If % = 1, the scheme is then to reproduce the same group velocity of the original partial
differential equation.

Finally, the requirements on the numerical method for correct predictions should be

L da ! ca b
Vgr » Ga =Tland vy, : & =1

(67
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5 Review of The Basic- Governing Equations of Fluid
Dynamics
The basic governing equations of fluid dynamics are
e Continuity (Conservation of mass)
e Momentum (Newton’s second law)
e Energy (Conservation of energy, The first law of thermodynamic)

All the equations can be derived from the Reynolds Transport Theorem.

Consider a system and a control volume (C.V.) as follows:
e The system occupies C.V. (Irll) at time ¢
e The same system occupies C.V. (IIrIII) at time t + At

e The total rate of change of any extensive property Bg,s of a system occupying a
control volume at time t is equal to the sum of the following two terms

(a) the temporal rate of change of By, within the C.V.
(b) the net flux of Bj,s through the control surface (C.S.) that surrounds the C.V.

The theorem can be applied to any transportable property, such as mass, momentum and

energy.
dBsys 0

=— [ bpdV bpii - id A

where 77 is a unit vector normal to the C.S. with positive pointing outward from the con-
trol surface.

From Gauss Theorem

/ i-fdA = | V-adv
S v
= bpii - HdA = V - (bpit) dV
C.s. [oA%
we then have DB
P = bpdV / V (bpw) dV
Br = g7y, 2V + [, 9 0D
Conservation of mass
[ J BsyS - msys Wlth Dnl;.z_us - 0

e b=1
o =0=[,, %4 [, V- (pid)dV

The differential form of the conservation of mass

dp = L
E—FV-(pu)—O
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Momentum (linear)
¢ §>SZ/S = (ma)sys
o b=1

The differential form of the equation of motion

—

du — e —

p— =-Vp+V - T+pj
dt

where (Newtonian Viscous fluid)

8uj 8uz 2 -

(T is the viscous shear stress tensor)

For an inviscid fluid, we have the Euler’s equation:

du ou 2\ e .
pa—p(a%—(u-V)u)——Vp%—pg

Conservation of Energy
o By = By
e b=ce¢
The differential form of the energy e.g.

dﬁ/ = N = —
p%+pv-u_<1>+v-(wr)+gH

where ® is the dissipation function and gy is the heat sources other than conduction (e.g.
radiation, chemical reactions) and @ is the internal energy per unit mass.

For an inviscid fluid flow without any heat sources, heat conduction and radiation, the
energy equation can be deduced to

~

du

- vV -7 =0
,Odt+pV u

Assuming perfect gas adiabatic
p = pRT, p/p’ = constant

where v = ¢,/cy and 4 = ¢y T

The energy equation can be then written as

d .
d—]Z+7pV-ﬁ:00r
d —

d—f+pv-a:o*

* The energy equation is identical to the continuity equation under the above assumptions
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5.1 Introduction of The Acoustic Wave Equation
5.1.1 Terminology

Nomenclature
p = instantaneous density at (z, y, 2)
00 = equilibrium density at ¥
s = condensation at Z, where s = p/py — 1
p—po = pos= acoustic density at &
D = instantaneous pressure at I
Do = equilibrium pressure at
i = acoustic pressure at Z, where p’ = p — pg
c = thermodynamic speed of sound of the fluid.

The Equation of state:
p = pRT (T in Kelvin)
with the gas constant R = 287 J/kgK for air.
For an isentropic process, we have
p/po=(p/p0)", v =c/ev
where ~ is the ration of specific heats.
For fluids other than a perfect gas, the isentropic relation between pressure and density

fluctuations is determined preferably by experiments.

The relationship can also be expressed by a Taylor series expansion around the equilibrium
state

2
p=po+<§—§>p (p—po)+%<§—£> (p = po)
0
P—Dpo~ (%)p (p = po)
0
<van (&), [

where B = py <g—’p’) is the adiabatic bulk modulus.

PO

The thermodynamic speed of sound is defined by

2 _ B __ (8}0)
C _— = = —_
) op 20

When a sound wave propagates through a perfect gas with adiabatic condition
9p S 2\ = 2\'1_.p_
<8p>adiabat Rz |:p0 <p0> ] = TPo (PO) p lp P)/RT

2 =~yRT

It is also noted for an incompressible fluid, we have ¢ — oo.
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5.1.2 Acoustic Field Equations

Since the disturbances associated with a sound wave are small and the propagation of
a sound wave is nearly isentropic, the modeling of acoustic field can be based on the
linearized governing equations with neglecting viscosity, heat condition and radiation (for
a perfect gas).
.. ) = -
Continuity: L H+V - (pi) =0
Momentum: pfl—f =—-Vp or p [%—f + <11’ 6) ﬁ} =—-Vp
d = o
Energy: & +V-i=0

Consider the small disturbances

p=rotp
p=po+7
=1+ u

with pg, po and gy constant in time and py and pg constant in space.

After neglecting the second and higher order terms, the resulting acoustic field equations
are given as the following:

%—pt/%—poﬁ-Jeroﬁ-ﬁo—l—p’ﬁ-ﬁo—l—(ﬁo-ﬁ)p’zo
(60'6> UUZ—VP/

-

f§+<myv>ﬁ+<&-§y%+m?'

P PO

aa_I:+(ﬁO‘6)29/4'7]?06'ﬁo-i—vp’ﬁ-ftovapoﬁ-J’:O

The above three equations are called acoustic continuity, momentum and energy equations
(or acoustic field equations). It can be shown easily that the above equations will remain
unchanged in a non-dimensional form if the characteristic variables are given as follows
(r=reference state):

p— pr
i — ¢, (speed of sound)
P — peC;

t — L/c, (L is the reference length)

—

If there is no mean flow (@, = 0) the acoustic field equations are

1. 68—‘){ + poﬁ cu =0

o | 1 _

2. 8_12 + p—OVp’ =0

3. %%+7po <V-u’> =0
Using the isentropic relation p’ = ¢?p’ one can show that Eq (1.) and Eq (3.) are
identical. Thus there exists an algebraic relation between pressure and density which
results in timesaving computation. This is true if the average flow is constant or for a
potential flow and if the disturbances are adiabatic (like in acoustics). In general in the

linearized energie equation is an non-isentropic relation between pressure and density (p
is independet of p)
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Taking the time derivative of Eq (3.)
2,/ = —
%%4‘7]90% <Vu’> =0
and subtracting vpoV-Eq (2.)

i[5 () & (7-9)s] o

we then have

82 / 82 / 82 /

o5 = Co < 9y? p) or
82])’
S = coAp

the standard second-order scalar wave equation or the linear wave equation. The wave
equation holds true for p/, 7" and V - @, given the assumption that the ambient medium
is homogeneous and quiescent.

Introducing @ = V& (velocity potential) with V x u = 0and V X @ = 0, it can be proved
that

However, the potential equation only describes the acoustics and not moving vortices
(V x u/ # 0) or non-isentropic disturbances (s’ # 0).

5.1.3 Harmonic Plane Waves

Discussions will be restricted to Yhomogeneous, ?isentropic fluids and 3speed of sound ¢

is a constant throughout.

Definition of plane waves:
All acoustic field qualities vary with time and with some Cartesian coordinate s only and
these quantities are independent of position along plane normal to the s-direction.

Therefore we have

p = p(87t>

U = u(s,t)n

where 71 is the unit vector in the directions of s.

For a plane wave traveling in an arbitrary direction a solution can be written as

p= Aez (wt—kgx—kyy—k.z)

Substitution the solution into the wave equation
&*p 2¢72

— =cV

o2 b

we have magnitude

2
(E) :kf,—i-k;—l—kz or k=

c

ol &
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Define the wave propagation vector k.

k= kod + kyj + k.2
with a position vector 77 = z& + yy + 22 we have p = Ae(“t=F7) The surfaces of constant
phase are given by k - 7 = constant. As a special case, we are going to examine a plane
wave whose surfaces of constant phase are parallel to the z-axis.

p= Aei(wt—kzx—kyy)
The surfaces of constant phase are given by

kyx + k,y = constant
or

Yy=— (i—;) T = constant.

which describes plane surfaces parallel to the z-axis with a slope of —’;—z in the x =y

plane. The vector k is perpendicular to the z-axis.
k = k, cos ©T + ky sin @y

k points in the direction of propagation.

The magnitude of k is the wave number k and % = cos ¢, %‘ = sin . The wave length A
is defined as (wavelength is distance sound travels in once cycle)

27
A= —
k
since we have k = ¢ and w = 2n f
= w
S or

- w is the angular frequency
- f is the number of cycles per unit time (frequency)
- the units of frequency are hertz (Hz), where 1Hz equals 1 cycle per second

The wave length can be derived as

B 2T 2mce

A

c
ko w f

The speed of sound in air is approximately 340m/s. The wavelength corresponding to a

frequency of 262H z (middle C on the piano) is 1, 3m. Therefore typical sound wavelengths

are neither too long more too short considering the human dimensions. Frequencies au-
dible to a normal human ear are roughly between 20 to 20000H z.

f=20Hz — A=1Tm
f =20000H z — A=0.017Tm

A young person can detect pressure as low as about 20uPa compared to the normal
atmospheric pressure (101,3 x 103Pa) around which it varies, a fractional variation of
2 x 10719,
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6 Finite Difference Solution of the Linearized Euler
Equations

6.1 The conservative form of a PDE

Definition:

The coefficients of the derivatives are either constant or, if variable, their derivatives
don’t appear anywhere in the equation. For example, the conservation of mass for steady
two-dimensional flow is written in a conservative form as

5o (ou) 4 5 () =0 (6.1

and is written in a non-conservative form as

ou ov dp ap
- - i = 2
pa$+pay+uax+vay 0 (6.2)

6.2 The conservative form of the Euler Equations

0Q O0F OF 0G
A e Y 6.3
o o "oy T os (63)
where
P pu pu pw
pu pu? +p puu pwU
Q=| pv |, E= puv , Fr= pv?+p , G = PWU
pw pUW pow pr +p
pei (per +p)u (et +p) v (pet +p) w
and

et:e+%(u2+02+w2)

Consider small amplitude disturbances superimposed on a uniform mean flow with density
Po, pressure pg and velocity ug in the x-direction only. The linearized Euler equations for
two-dimensional disturbances are (assuming p = pRT and p/p” = constant)

0Q 9E OF

—+—=H 6.4
ot + ox + y (6:4)
where
' pou’ + pug pov’
! ! /
Q= Z/ E= ZOUI-I-Z?/PO = 0/
ov p / Po
2 uop’ + ypou Ypov'

The non-homogeneous term H represents sources. Equation (6.4) can also be written as

0Q  0EO0Q | OF0Q _
ot ' 9Qar  9Qdy

Therefore
w po 0 0 00 p O
0Q 0 w 0 X |0Q 00 0 0 ]0Q
= wo | 2 - 6.5
T o 0 w 0 larT{o0 0 LG (6.5)
0 po 0 g 00 o O
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6.3 Wave Decomposition

The Fourier-Laplace transform of a function f (z,y,t) and its inverse are defined as

£ 1 = - OO —i(ax —w
flofw) = & / / / f (@, y, t) e =D dudydt
0 —o0 J —00

fawt) = [ [ ] Fapeden s tdadsas

The contour I' is a line parallel to the real axis in the complex w-plane above all poles
and singularities of the integrand.

In@)
i
| /// 7N

Figure 6.1: upper @ half plane (Tam and Auriault [1])

The general initial value problem can be solved

1 [*0u ,, dt 1 .
5= 5, € = — 5~ Uinitial — Wl
2w Jo Ot o il

Therefore the Fourier-Laplace transform of equation (6.5) can be written as

= (~  Qinitial
AQ =i H 6.6
Q-+ (6:6)
where
w—auy  —pPo —pof3 0
A 0 w — Qg 0 —a/po
o 0 0 w—auy —fB/po
0 —YPox  —Ypofl  w — auy
Details

L+ upd + po gt +Pog—z = M,
— =3 Pinitial — WP + Ugiap + poicvii + poif0 = lf{1

(w — aug) p — poovtt — poBU =i ( Hy + %>
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The eigenvalues \; and eigenvectors 7; (j = 1,2,3,4) of matrix A are A7 = \Z
= det (A — AI,) = 0. We have

)\1 = )\2 = (w—auo)

N

A3 = (w—aug) +c (o + 57)
A = (w—aug) —c (&2 + ﬁZ)

where ¢y = /7’;—8 is the speed of sound. The eigenvectors are

N|=

1 1
! 0
7= 0 Ty = g Ty = | PV g2+52 7y = POCO\/BFﬂ2
0 ) _a ) — )
0 0 pocoy/ a?+32 POCO\/W
1 1
Equation (6.6) can be written as
AQ=T whee T (H i Qinitial)
27
Since the matrix A can be diagonalized and written as
A= XAX!
We then have o
XAX'Q=T
where X and A are eigenvector matrix and eigenvalue matrix.
T = [x120w32 4]
A1
A2
A=
A3
Ay
~ ¢,  Cy_ C3_,  C4
= Q = —13:1 -+ —21'2 —+ —31’3 -+ —4513'4 (67)

A1 A2 A3 A4
where ¢ is a coefficient vector and is given by
c=az"'T
Equation (6.7) represents the decomposition of the solution into the entropy wave 7, the
vorticity wave T, and two modes of acoustic waves, T3 and Zy.

Details
XAXT'Q = T
X7IXAXTIQ = X7'T
AX’lQ = C
A‘lAX_lQ Ate
1 o < c
A1 C1 A1 A AL
1 Co <2 <2 c2
—1A . by o A o~ o by 2?2 2 = by
X Q= 24 o | = 2| ==X | 2 | =[017%7] | 2
A3 3 A3 A3 A3
i Cy C4 €4 C4
v pvi pvi v



6.4 Definitions

1. The entropy wave: it consists of density fluctuations alone. i.e., v’ =v' =p =0
2. The vorticity wave: it consists of velocity fluctuations alone. i.e., p' = p' =0
(no pressure and density fluctuations associated
with this wave mode)
3. The acoustic wave: it involves fluctuations of all the physical variables

‘

-50 0 50
X

initial condition: pressure later

-50 0 50
X

initial condition: density

1. homogeneous medium: any mean flow values are independent of ¥
waves propagate relatively to the constant flow
2. homentropic medium:  (potential flow)

entropy, vorticity and acoustic modes coupled through mean flow

3. quiescent medium: homentropic and homogeneous, 1y = 0
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6.5 Propagation Speeds of the Waves
6.5.1 The Entropy Wave

By the inverse Fourier-Laplace transform,

'(z,y,t) // / / e~ HBY=D doyd Bdw (6.8)
(w — auy)

If w—auy = 0 (zero of the denominator), equation (6.8) gives rise to a pole of the
integrand. The dispersion relation arising from this zero is

A= (w—auy) =0
In the a-plane, the zero of equation (6.8) is given by

o= —
Uo

Using the residue theorem and Jordan’s Lemma, the a-integral of equation (6.8) can be

evaluated and we have

i w+iBy

27rzfrfﬁ ce’ qu dwdf x — 00

r — —O0

P (x,y,t) = (6.9)

or

0 T — —00

The entropy wave is convected downstream at the mean flow speed!

6.5.2 The Vorticity Wave

By applying the inverse Fourier-Laplace transforms, we have

{ } / / / [ }w_czw) el dadBdw

The dispersion relation is
A2 =w — aug = 0.

Let
(,y,t) / / / i “O‘Hﬁwﬂdadﬁdw (6.10)
(w— auyg)
then )
U = and v = ——¢.
8?; 9y
Equation (6.10) can be evaluated in the same way as equation (6.8). This gives us
— Ut
b (w,9,1) = {W i) e (6.11)
0 T — —00

Like the entropy wave, the vorticity wave is convected downstream as at the mean flow
speed.
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6.5.3 The Acoustic Wave

The acoustic waves involve fluctuations in all the physical variables. The dispersion rela-
tion is given by
A3y = (w— au0)2 - cg (a2 + 62) =0.

Applying the inverse Fourier-Laplace transforms and following a similar procedure as
before, we have the asymptotic solution (r — 00)

/ 2
| F(vg-te) | b

@ " -
|~ NG | mgs | +O (V) (6.12)

/ POCO

SRS S

where V' (0) is the effective velocity of propagation in the f-direction, and (r,0) are the
polar coordinates and

V() = ugcosf + cgV/1 — M2sin?f M=
Co
B cos@ — M~+/1— M2sin?6

1 — M2sin’6

u(0) — M cos @ V(@):Sinﬁ[ 1—M2sin29+M0089}

6.5.4 Another Approach on Wave Decomposition

(In time domain, one-dimensional uniform flow) The Euler equation can be written as

0Q  , 0Q
— 4+ Ay—==0 6.13
ot o (6.13)
where
B o u po 0
Q=1 and Ag=| 0 g pio
i 0 v wuo
The matrix Ay can be diagonalized as
LB B[ w0 0 1 0 -z
1 1 1 1 1
Ag=TAT ' = |0 Vo 0 u+co O 0 Vi Ve
ve e L0 0 wma ] 0 0

We can project the disturbance vector @ on the three independent eigenvectors and write
@ = Slfl + ngg + 8353 (614)

where s1, s and s3 are the three projections in the three directions.

Substitute equation (6.14) into equation (6.13) and consider

o) D817 D59 D375
Ag—= =A——+ A A
O 0x O oz + o ox + o ox
. 881)\1.Z'_i 882)\21’3 883>\3I_§;
 Ox + ox + ox
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we have

0 . -
5(81.1'1) +)\18%C(51x1) +

0 . -
&(SQI'Q) +/\23%(82$2) +

9, . "
- (83.1'3) +>\3% (831’3) =0

ot

where \; = ug, As = ug + ¢, A3 = ug + ¢p.

Therefore the disturbance vector is decomposed into three vectors what are propagating
with speeds of ug, ug + co and ug — ¢, respectively. As it is shown that the entropy wave
is traveling with the flow, and the acoustic waves are propagating with the speed of sound
relative to the flow. Similar analogy can be made to the eigenvalues and eigenvectors of
the Jacobian matrix (Ap) in multi-dimension.

6.5.5 Yet another Approach: solution modes by Kovasznay

The acoustic, entropy and vorticity modes are decoupled in terms of linearization. How-
ever, they are coupled of first order in non-constant flows.

Entropy Mode Consider a constant flow in a-direction (iy = ug). The energy equation
can then be written as

a = —
8—(; +u-Vs=0
Linearizataion (s = so + s') leads to
O(sg + s . - -
%4_(1%_’_“/) 'V(30+S/) =0

and with sy being constant in time and space

~ 9s’ — = / =/
0:E+UO-V5 +O0W's') ~

Ds’
Dt

(6.15)

In 1D, the approach s = f(x — ugt) satisfies this equation. This means, that the entropy
mode behaves like acoustic waves (the shape of the entropy wave remains constant) but
with a propagation speed of ug instead of ¢.

s

X0 X1=Xo*Up(t1-to)

Figure 6.2: propagation of an entropy wave in 1D
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In 2D, the approach s' = f(x — upt, y) satisfies equation (6.15).

yﬂ yh

Figure 6.3: propagation of an entropy wave in 2D

Thus, the hot-spot propagates - different from acoustic waves - only in direction of the
mean flow. The entropy wave can be “switched off” by using the isentropic relation
p' = c?p/ instead of solving 2=

Vorticity Mode The momentum equation with uy, pg = const. is

ol L oo 1
——I—uOVu’—i——Vp’:O
ot Po

By applying rotation to this equation one gets

—

and with V x V = rotgrad = 0 as well as @ - V' = V(o - o) — @y x (V X ') and
V=V xu

5 +V x V(dg-u)—=V x (g xQ)=0
| —

Using the transformation @ x (b x &) = b(@ - &) — &(@ - b) on the last term leads to

- — — —

V x (g x Q) = @g(V - Q) =@ (V- i)
=0 for Wp=const.

—

oY

= ot

This equation is similar to the entropy equation (6.15). So, Solutions of equation (6.16)

are () = f(z—1pt). Vorticity waves are therefore propagating with the speed of the mean

flow 1y whereas acoustic waves propagete with iy + c. As the energy equation describes

the transportation of entropy, the momentum equation describes the transportation of

vortices. These two modes are called hydrodynamic perturbations. The missing acoustic
waves don’t describe the transport of vortices and entropy.

— V- =0 (6.16)
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For an entropy perturbation with a frequency of f = 100Hz and a flow speed of uy =
10m/s, the wavelength of the entropy wave is

Uo
As=—=0.1m
f

for f =1kHz: Ay = 0.0lm and for f = 10kHz: Ay = 0.001m. To resolve these waves, the
grid distance must be at least 0.001m.

Notes
e The hydrodynamic perturbations are not small in terms of acoustics.

e For every frequency: lim0 Uy - Vs = oo (similar for ). Therefore, linearization is
ug—

limited reasonable. Non-linear interaction of 2"¢ order are to be expected. Leaving
out the hydrodynamic perturbations is preferable. In practice, only some terms are

. !/ ’
masked like 2% or 22
oy oz
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7 Solve the Linearized Euler Equation using DRP
Schemes

The linearized Euler equation (two-dimension)

0Q OE OF
ot oy (7.1)

Where

pou’ + p'ug pov’

uou’ + '/ po 0
uov’ P'/po

uop’ + ypou' Ypov’

~

Q= , E=

~

~

ES S S

Rewrite the equation (7.1) in the form, we have

ox

11 % _ K (7.3)

I: K:—a—E—%—g—i-H (7.2)

Using the 4'"-order 7-point optimized central finite difference scheme for the spatial dis-
cretization and the 3"%-order 4 level optimized time marching scheme, the finite difference
equation can be written as

I K =—2 % aB, — & > aFn, +H" (7.4)
j:— fr—
3 .
g ) = Q)+ ALY b K (7.5)
j=0

where [, m and n are the x, y, t indices and Ax, Ay, At are the mesh sizes and the time
step. To reduce numerical truncation errors, it’s best practice to first summarize the small
coefficients (a+s3, b_3) and afterwards the bigger ones (a1, bp).

From the initial conditions
Q (7,y,0) = Qnitial (7, ¥)
we have
Qz(% = Qnitial
How about Ql(?lb for negative values of n (n = —1, —2 and —3)?
We will show later that the proper values for Ql(ffl are

Z(T;)@ =0 for negative values of n

Therefore, for n < 0 set either K. l(’zz =0or K l(;g =K l(,?ﬁ)
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7.1 Question

Will the numerical scheme (equations (7.4) and (7.5)) give the same dispersion relations
as the original partial differential equations (equations (7.2) and (7.3))?

In order to answer this question, we need to apply the Fourier-Laplace transforms to the
finite difference equations with continuous variables:

3
1 .
K(x,y,t):—A—xZaj + jAz,y,t Za] (x,y+jAy,t) + H (x,y,t)
j=-3 Y=
(7.6)
3
Q (2,9, b+ At) = Q (,y,8) + ALY b (w,y,t = jAL) (7.7)
=0

Qiitial (T,y) 0<t <At

7.8
0 t<0 (78)

Q(:v,y,t)z{

Applying the Fourier-Laplace transforms to equations (7.6) and (7.7) with initial condi-
tions, equation (7.8), and using the shifting theorems for Laplace transform

A >0

/ ft+ A)etdt = e 2 f (w) (% / ft “"tdt) —iwA
-?A ft—A)etdt = A f ( +(%/‘f w%>

we have
. 1 3 .1 3 sal = oA
K =_-_"— ijalAzx ) D—— ijBAy | | i
Ar 2. a;e Ay ;?)a e +
Define:
i &
= — Z ajewan
Az =
i S
B=— Z ajewﬂAy
Ay =
We have _ I
K = —iaE — ipF + | (7.9)
and A | |
_zwAtQ 2 ( Qinitialezwtdt) e—zwAt
™ \Jo
_ 3 . 1 0
=Q+ Athj Keiat gy ( . K (z,y,t) ei‘”tdt> e AL (7.10)
7=0 N

~
=0, because K¢€[—At;0]=0
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Equation (7.10) can be rearranged as

A ~ 3 - p—iwAt At
—iwAt 1 = At b wj tK nitia dt
(6 ) Q j;o ;€ + o ; Qinitiar€’
3 efiwAt iwt |At
—iwA A iwjAt T
= (e t 1)Q = Athje MK+ Qinitial%
J_O 0
= ( —twAt 1) Q _ Ath zw]AtK+ anltlal ( N e—iwAt)
= 2miw
i e—iwAt_
Define w = #
At Z bjeiijt
=0
We have _
ﬁ K Qinitialw
7 2w
= | —iwQ = K + Ypiial (7.11)
We now have . . o 5
K = —iaF —ifF + H (7.12)
letlal
_ K 7.13
MQ + 2 w ( )
Eliminate K
= —iwQ = —iak —ifF + H + Qi;tialf
T W
= A — T AT anltlal
= —z(wQ—aE—ﬁF) 5
s w
- (wQ . aE _ BF) _ |: Q12mt1a1 :|
T W

where

Qinitial @
2r w

z@:ﬁ:@[m

|

W—auy —pod@  —pof3 0
i 0 W — Qg 0 —g/ 00
0 —Ypo@  —Ypofl W — Qug

Replacing «, 3, w in the matrix A (discussed in lecture 6) by @, 3, @, the above analysis
shows that the Fourier-Laplace transform of the DRP scheme is the same as the Fourier-
Laplace transform of the original partial differential equations. Therefore the two systems

must have the same

dispersion relations.

o6



7.2 Numerical Stability Requirement (CFL- number)
For entropy and vorticity waves, the dispersion relation is

w — a’UO =0
= WAt = @qut

From the plot @Ax vs. aAx (figure on page 32), we can see that for any values of « (or
(), the following inequalities hold true

alAxr < 1.7 (BAy<1.7)
1.7At
Ax

= WAt < Ug

Since the stability analysis for the time discretization shows that WAt < 0.4 is required
for stability. This can be shown by a figure WAt vs. wAt, similar to @Az vs. aAzx. We
then have with the Mach number M and the sound of speed ¢

O = Lz,
. WL
. A, - 04 Ar 04 A
1.7 wug 1.7 M - ¢
= At < % . %
- M Co

Thus, the Courant-Friedrichs-Lewy number (CFL) is
At 0.235

Az M

For acoustic waves, the dispersion relation is

T=au+ o\ @+ 5

and we have

alAz,BAy < 1.7
WAt < 04

The maximum time step is then given by

Atmax = 04 5 é_ox
1.7<M+‘/1+(§;”) )
At < 0.235 &

S ()"
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7.3 Numerical Accuracy Consideration

(a) The group velocity consideration

.
9 140003 = @Az < 0.9
do

(reasonably accurate prediction for group velocity with an error of +0.3 %)

(b) Consideration of the numerical damping in the time discretization

wAt <0.19

At < 0.211 Az

"l

based on accuracy consideration

and

At < 0.235 . M
- Az \2 €]
My [14+(35)

based on stability consideration

The requirement for numerical accuracy is slightly more stringent than that for numerical
stability.

7.4 Group Velocity

The dispersion relation in general is w = w («, 3). The group velocity is therefore expressed

as
8_WA _|_a_w“
9a " a5

For the entropy and the vorticity waves, the dispersion relation is w = uga.

—

Ugr =

Ow Oow 0
— = — = 0.
da 0 9B
Hence
?7gr = uOéx

The wave is convected downstream at the speed of the mean flow.

For the acoustic waves, the dispersion relations

w = aug = cy\/ a2 + (32

o QacCo A Beo N
Ugr = | Uo + _

Va2 T e

For waves propagating in the z-direction (5 = 0), we have

’l_fgr = (UO + Co)ém
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7.5 Group Velocity for DRP Schemes
ow,  Ow,

Ugr,DRP = %ex + %ey
Qwimom, | Owowdl,
owdada *  dwos s’

0w da 9w df
_ Jada s 9B dB .
=& €x + & Gy
dw dw

The dispersion relation for acoustic waves is

w:UQEiCQ\/EQ‘i‘Bz

a da cof dg
Uo + coai - + — | 5,
. { Vazag | e a5 | W
= Ugr,DRP = o €z + do €y
dw dw

For waves propagating in the a-direction (8 = 3 =

)
. (uo & co) 2
UgrDRP = —5 €4
dw

Compared to the analytical group velocity, an error is introduced by the DRP with j—g
and g—f. As seen before, the requirements on the numerical method for correct predictions
are

da  d@Az) )
do d(aAx)

do  d@At)
do — dwAt)

For the entropy and the vorticity waves, the dispersion relation is

w = an
da
o U0 ey
= UgrDRP = —; Ca
dw
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8 The Short Wave Component of Finite Difference
Schemes

Consider the initial value problem associated with the linearized Euler equations in one
dimension without mean flow.

The dimensionless linearized momentum equations is obtained by using normalized vari-
ables:

w=U"cCyp r=X-R
p'="P-po-ci o= 00" Poc
R
t=T— with R being a specific length
COO

Applied to the linarized momentum equation
ou  op
SE TR
we have
oU poocgo or pOCgo
%05+ + a3y
o' R 0X R

and with gy = 1 or pg = po, We have the dimensionless linearized momentum equation

=0

ou  oP
— 4+ —=0 8.1
oT " ax 8.1)
In the same manner we get the dimensionless linearized energy equation
opP oU
— 4+ —=0 8.2
oT " ax 8.2)
With the initial conditions
Ult=0,z)=0 P(t=0,z) = f(x)
the exact solution is a plane wave
1
P(a,t) =5 [f(z — ) + f(z +0)
Consider the Gaussian function
flz) =e™
with its Fourier transform
~ 1 a2
Fla) = ——e%

e
vV2a

The half width of the Gaussian function f(z) is

In2
_:w
a

0= d=25,9,4,1,0.04 (eg.)



On discretizing (8.1) and (8.2) using the 7-point-stencil DRP scheme with Az =1

3
El(n) _ Z ajp(n)

I+j
j=—3
3
FY == au)
j=—3

3
Ut = U+ Ay b ErY

j=—3

3
n+1 n n—j
Pl( ):Pl()+AthjF}( )

7=0
The initial conditions are
U™ = 0 n<o
2
B = {S B

The numerical solutions for d = 25.9 are given at t = 200At, 2000At and 4000A¢ (with
At =0.1) and for d =4, 1 and 0.04 at ¢t = 200A¢. As we can see the numerical solutions
deviated as the value of w decreases. If we take a look at the plot Z—z vs. aAx the group
velocity for the short wave is less than 1. The high wavenumber components have negative
group velocity. We define dispersive waves and parasite waves to distinguish the short
waves with positive and negative group velocity.

1.0 a<1.2
da . .
o = ¢ dispersive waves 1.2 < a <2.0
«
parasite waves 20<a<nr
! 1
-—u..._'__‘_-.-“--
e, E
o,
— 05
3 0
long waves dispersivewaves L. parasite waves
: 05—
N &
—-1
—-15
—-2
. | -.-""--T
0 0,5 1
o Ax [xTq

Figure 8.1: Group velocity of the DRP
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In order to study the wave propagation characteristics of the short waves of the finite
difference schemes, we consider a discontinuous initial condition (rectangle function),

flz)=H(x+ M) —H(zx— M)

where M is a large positive number and H(z) is the unit step function or Heaviside
function.

0 <0
H(r)=<¢3 =0
1 >0

The exact solution of such artificial condition is
1 1
P@J%:ﬂH@—t+M}—H@—t—Mﬂ+ﬂH@+t+M}—H@+t—Mﬂ

The solution by the numerical scheme (DRP) in physical space and time can be found by
inverting the Fourier-Laplace transform.

Step 1 Write finite difference equations with continuous variables x and ¢

3
Uz, t+At) = Ulx,t)+ At Y bE(w,t— jAt)

j=-3

3
P(z,t+ At) = P(x,t)+ At Z biF(x,t — jAt)

j=—3
3
E(z,t) = — Z a;P(x + jAx,t)
j=—3
3
F(z,t) = — Z a;U(x + jAx,t)
j=—3
The initial conditions:
= 0 t < At
B Hxz+M)—H(x—M) 0<t<At
o t<0

Step 2 Solve the above initial value problem by the Fourier- Laplace transform.

Step 3 The Fourier-Laplace transform of P is given by

i (@@ f
P=oi\w )2 —a?

where
- 1 [ .
f = or [H(z+ M) — H(x — M)] e "““dx
ﬂ- — o0
~ sinae M
f —
T
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Step 4 The solution in physical space and time

i (P F oo
@) 277/[‘/_00(W)w2—a26 —

There are two poles at w(w) = +@(«). By the Residual Theorem (¢ — o0), we have

/ f z azr—at) dov
/ f Z (az+at) dov

Step 5 Evaluation of the solution P(z,t). Divide the integral (the first integral) into

four seperate integrals.
(/ / f i(ow— ozt)da) Il

—2.0

+_(/ + fezom: atda) 12
2 —m 2.0
1 ~1.2 20

+ = ( / + f e“w—“t)da) I
2 —-2.0 1.2
1 2 B

+ = ( f ez(az—at)da) I4
2 —1.2

The above four integrals are referred as Iy, Iy, I3 and Iy.
I,: contribution from ultra-short waves. (A < 2Ax)

I5: contribution from parasite waves

I3: contribution from dispersive waves

14: contribution from long waves

In order to evaluate these integrals, we need to know @ as a function of a. To simplify

the analysis, the graph of the g—g curve is approximated by the analytical formula

1.0 (long waves) a<12
& — 1l 1642) (dispersive waves) 1.2<a <20
—2. 75(a —2.0) (parasite waves) 20<a<m

Ii: (A < 2Az) It is not important to the present discretized solution because the ultra-
short waves are not resolved. Neglected.

sin[1.2(x — t — y)]
T—y—t

Iy = —/ H(y+ M) —H(y — M)] dy
I, = %{Si[l.Z(x—t+M)}—Si[1.2(x—t—M)]}

where

Si(z) :/0 Slzy dy

15 and I3 can be evaluated for large time by the method of stationary phase.
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The method of stationary phase provides the following formula.

; 2w
lim e"MOs ~ | ————g(, $t+i T sgn(h” (Bs))
fim [ 9B)em AT~ | yeBh)e”
where
ol
dﬂ ﬂ:ﬁs

B is called the stationary point of the phase function A and sgn the sign of.

/ f 1[04 ()]t do

For large ¢, the phase function is h = af — @(a).

I and I3 can be written as

The stationary point is given by

dh
- =0
do
T do
—_— - = —
t do
x dat
— = —
da

Z—g is the effective speed of propagation for the wave with wavenumber «.

Parasite waves

0.727sin [(2.0 — 3%;) M] 2?\ o
I~/ 275t 20 — 1.733t — 0.1818— | + —
2 Y 2.0 — s i) 71

2. 75t

3139t <x <0

Dispersive waves

08 1  sin[l.2+08,/1—ZM] z\
Iy~ == : —1) (1240533 /1-=) + =
VN (G Cot 1240813 COS{(‘T )( V t) 4}

O<ax<t

64



1.5

] ] [] ] ] 1 ]
Q
gt
[
of
er
= !
v b
3sf
'\0\
EXY
G
<1
el
T
<
QL
1 L
of -
T ]
ol
r? N 1 [ ) 1 PR 3
0.0 0.4 0.8 1.6 2.0 2.4 2.8 3.2
alx )
\
Tntal Comditimn
2
-ax
d= 25 d= 9 Pex)= e
1 1
/
0.8 / 0.8 / nhere
0.6 / 0.6 a~ Ln2
. d
0.4 \\ 0.4
0.2 / 0.2 /
/ /
A ; /
20 10 0 10 20 20 -10 0 10 20
X X
| d=4 1 d= |
0.8 /\ 0.8 /
0.6 /' \ 0.6 J
0.4 / \ 0.4 / \
0.2 // \, 0.2 \
0 J\ A
20 -10 0 10 20 20 -10 0 10 20

65



d=25%
2
1.5 \\
. 1 \\
\
0.5 \\
0 hN
0 1 2 3 4
a
=
0.8 a q—
061\
Rea 0.4 \\
\
ol O\
\
0 \
0 2 3 4
o
05
el
[ t=200dt
03l
0.2 :—
01l
o — 10 2 30

d= 4 9
1.5
1
e

0.5
0

0 1 2

a

d=
0.4
~

0.3 \\
¥ 0.2 \

The Fourier i

W‘ Pexy

o=/,

\,
\\
0.1 \
o I
0 1 2
a
0.5
04|
© t=2000dt
03F
a
02
01k
L. |
%80 190 200
X

0.5

0.4

0.3

0.2

0.1

LINLENS S (e e B B B B Bt e ¢

t = 4000dt

R T S SN S RO S WO T

(180

390 400
. X

|
410

420

66

220

d

2

. _ol
'f’cd%jﬁa e

]

a5



0.5

+ 0.5
0.4 - [
r 04
0al t=200dt [ t=2000d4t
H 03
e02f C
L 02—
01F L
- 0'1 b=
oF L
F 0
ol v by L e L L
o 10 20 30 40 -0_1I TR O S
x 80 190
0.5
04
03 t=4000dt
a02f
o1k
C - N
0
C v v 0 1y L
Oheg 390 400 410 420
X
05
r 05t
04l r
r 04—
o3l t=200dt [ t=200dt
r 03
a02f C
r a 0.2 -
01 L
C 0.1
. A Ao
0 F-0
: 0 7 7 \ 7 1
L Eyoy v
01 L PRI SO G S S T R S SO R S | L r
01 10 20 30 40 041 PNV
X 0 10
4=0.04
05
04}
03[ t=200dt
a 02k
0l !
L -
VERAR
Hi \ \
0 v 13 4
R
tou o, v
01 Ero b )
0 10 40




0.50 1

0.25

100

TTTI TFTT T

w
o
T T T O T T T [T ey

i

t = 5000dt

100
%0
80 [
70 E
60 -
50 |
40
0
20F

{
100

I I J
200 300

t=5000dt

100

) L ) . . ]
200 300

P A
N/

N et S NG

X
0.044
x




0.75

0.50

0.25

0.00

t=350000dt

URRARARRN RN AR R R RN R RN AR RN RRRRR RRRRRRERE)

100
90

t=50000dt

80
70

50
40
30
20

BRI AL L L AR RN AR R R RN RN R RN RN R AR RN RRa ey nanad

o
-
ol
o
N
(=]
o
w
Py
o

N Raa e s s L ——

1] {
I "

NEREE FRNTE PEETS RUTT FENEN ST I FTEWE FWSTE FET T FVETE RN AW

0.0 50.0 100.0 150.0 200.0250.0300.0350.0400.0 450.0 500.0550.0600.0650.0

P : X -

-0.25

69



9 Selective Artificial Damping (SAD)

Purpose of artificial damping;: to remove numerical contaminants
of a computed solution.

Important points: 1) Selectively damp out the short waves
2) have minimal effect on the long waves

9.1 Basic concept

ou 109y
:5;‘+’;gzi; —-l)(x)
T

Dimensional momentum eq. (no mean flow) of the linearized Euler egs.
Discretization using 7-point-stencil,

o 11 o
oy - =D
ot + po Ax j;3 Q;Pl+j !
9.2 Assumption
D, is proportional to the value of u; within the stencil.

dyy 11 &
Ry deuw (0.1)

Jj=-3 Jj=-3

Where d; are the weight coefficients, v is the artificial kinetic viscosity.

[@2)21 - LH

d;’s are pure numbers.

9.3 Approach

Choose d; so that the artificial damping would be effective mainly for high wavenumber
or short waves. The Fourier transform of the continuous form of eq. (9.1)

do
dt

Uan

]_—3

T

If neglecting the terms not shown here, the solution is

i~ e (Az)2 D(aAz)t

where

D (aAx) Z d; glahe

7=—3
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Three conditions on D (aAx).
(a) D (aAz) should be a positive even function of aAz.
dj =d_;
— D (aAz) = dy+2 ildj cos [jaAr]

J
(b) There should be no damping for long waves.

D (aAz) — 0 as aAz — 0
This requires

3
do+2) d;j=0 (9.2)
j—1

(¢) For convenience, D («Az) is normalized so that
D(m) =1 (9.3)
D (aAz) = dy + 2 [dy cos aAx + dy cos 20Az + ds cos 3aAz]

We would like to have the properties:

D (aAz) small for small aAx
but large D (aAx) when aAz — 7

Take a Gaussian function centered at m with half-width o
f(aAzx) = e_ln2(%)

when aAz =7 f(alAz) =1

when aAz =0 (or small): f(aAz) — 0 (or small)

— then the weight coefficients d; are determined such that the integral
/ [D (aAx) — e 2(*557") ] d (aAx)
0
is a minimum.

With egs. (9.2), (9.3) and the above minimization condition, we can determine the coef-

ficients d;. [ is a parameter that can be adjusted to yield the most desirable properties
for D.

For the discontinuous solution (boxcar problem).

dp = 0.3276986608
o=0.3m dy =d_y = —0.235718815
B = 0.657 dy = d_o = 0.0891506696

ds = d_s5 = —0.0142811847
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9.4 Numerical Implementation

g_g — g_)lz =0 1-d dimensionless Euler eq.
% 4 % =0 (linearized, no mean flow)
p_ H(x+m)—H(z—m) t=0
N 0 t<0

U=0 t=0

3 .

Ul(nJrl) _ Ul(n) + ALY bjEl(n*J)
J=0

3 .

f)l(”‘f‘l) — f)l(") + At Z bijl("—J)
—

J

p _ H(x+M)—H(x,—M) n=0
! 0 n<0

where R = % is the artificial mesh Reynolds number.

+ =0.3 = compare the Results.

Background damping;:

(a) 40 avoid the generation of parasite waves through discontinuous initial or boundary
conditions

(b) Nonlinearities
(c) Rapid changes at boundary interfaces
Some useful artificial selective damping stencils:

7-point damping stencil (o = 0.27)
do = 0.2873928425
di =d_; = —0.2261469518
dy = d_s = 0.106305788
ds = d_3 = —0.0238530482

5-point damping stencil (Taylor, not optimized)
do = 0.375
di=d_1=-0.25
dy = d_o = 0.0625

3-point damping stencil (not optimized)

do = 05
dy =d_; =—-0.25
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9.5 Excessive Damping

Y

(a) Excessive damping can cause "artificial viscous diffusion”.

=5

o=

ou ou_
ot Or
u(z,0) = 0,56_1112(%)2

0

The Fourier transform of a Gaussian function is also a Gaussian function. Artificial
damping reduces the amplitude of the pulse in the wavenumber space unevenly:

(a) No reduction at zero wave number.

(b) The reduction increases with a increases.

Therefore the pulse becomes narrower in the wavenumber space. This results the
physical waveform spreads out in the physical space.

(b) Excessive damping can cause "numerical instability”.

=15

|-

Why?
%—F%:O —o0o < x <o

2\2
u(z,0) =0, 5e~n2(%)
The continuous form of the discretized egs.
3
u (z,t+At) =u (x,t) + At Y bik (x,t — jAL)
j—0

3
(2, t) = —x= > aju (x4 jAz,t)
j==3
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dju (v + jAx,t)
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Let us take the Fourier-Laplace transform of the above equations.
. 3 . . ~
e" WA = G+ AL Y bje IRl
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D, (kax)

We have

1 -
—iWU + QU = _ED (aAz) @

This the dispersion relation is

wu = a — }—%D (aAx) u

Consider the wave with Az = 7 (A = 2Ax)

T =Azx
T = oAz

We have noted that

a (m)=0.0

D (r)=1.0

1 1AL
I = —— = WAl = ——
w R:>w t R

When wAt is a complex number, the time discretization scheme (optimized multi-
time level scheme) is stable

if I, (WAt) > —0.29
= 4 <029  stable

In the numerical example shown, At = 0.02 and % = 0.15 so that % = 0.3. We see
the numerical instability!
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Figure 9.1: Filtering characteristics of different filter stencils
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10 Filtering approaches for the DRP scheme

10.1 Problem Statement — Why SAD makes us sad

T I T ]
—— 1
.-"-, .
o,
‘---
—05
» 0
long waves dispersive waves ™ parasite waves
—-05—
— >a
—1-1
—-15
—1-2
.,
. sorend
1 : I 1
0 0,5 1
o Ax [xT]

Figure 10.1: Group velocity of the DRP

As seen in figure 10.1 the DRP has a usable range of wavelengths, called long waves,
which is extended due to the optimization. The spatial discretization is suitable for waves
resolved down to 5.4 points or more per wavelength for the DRP presented by Tam [1].
The whole method consisting of time integration and spatial discretization is unstable,
if the waves reach the very short wave range, called parasite waves [2]. Between par-
asite and long waves dispersive waves are found, which are characterized by the high
dependency of the group velocity to the wavenumber. The system of spatial and time
discretization allows unphysically solutions which are the eigensolutions of the discretized
(FDE), but not of the PDE. The short wave range is defined due to the fact, that waves are
amplified in the time by the explicit one sided time discretization, if they reach this range.

The concept presented by Tam [2] to overcome this behavior is first to avoid this wave
number range, and then to use a selective damping. This should disallow the waves to
propagate below a certain resolution. Following the idea of Tam this concept can be
seen as a dissipative term in the Euler equation for the conservation of momentum. The
selectivity is obtained by optimizing the filtering coefficients to fit a Gaussian distribution
in the dissipation over wavenumber diagram. However, the disadvantages of the concept
are defined by the logical order of operations and the large dissipation, as we will see later.

10.2 Solution — Filtering

First we have to think about the order of operations. The selective damping is very strange
to handle. Because the unfiltered field is used to compute the flux in the Euler Equations
the new field is filtered only in parts and the filtering amplitude has to be adjusted to
the typical frequency! Thus the filtering amplitude has to be adjusted for each case and
the range of values differs from case to case. However, in principle the damping applies
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in every step and the new field is filtered. With the correct filtering amplitude the overall
method remains stable. The dissipation of the optimized filter in the long wave range is
too large! With a method optimized for low dissipation for short waves one could not
accept a dissipation in the range of 3 x 10~* applied in each time step even for a resolution
of 32 ppw.
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1 321611 7 5 10° 321611 7 5
7-pt Tam '93 :
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—— 9—pt standard
—— 11—pt standard
—— 11-pt Bogey & Balilly opt |: 107!
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107%
0.8 -
;? —
z R
= ]
a [}
oab i e s
107"
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10 —— 7—pt Vasilyev '98
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X —— 11-pt Bogey & Bailly opt |
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0 107° i lii T T T T
0 o] 0.2 0.4 0.6 0.8 1
kAx/T

Figure 10.2: Filtering characteristics of different filter stencils

Now use the point of criticism to develop a new method. The filter should work on the
field variables p’ in order to find a new filtered field f’.See fig. 10.3 for the position for the
filter.

Selective Artificail Damping (SAD) Filtering
over all time steps over all time steps
Filter p’ —> L p’
/ p’ ¢
Calculate Derivatives (DRP) Calculate Derivatives (DRP) /
FLUX = Euler-Equations / P FLUX = Euler-Equations / f
FLUX = FLUX + Numerical BC P FLUX = FLUX + Numerical BC e

FLUX = FLUX + Selective artificial damping / P

FLUX = FLUX + Wall BC L P FLUX = FLUX + Wall BC L f

Time integration step / p—>f Time integration step

Figure 10.3: Selective artificial damping and filtering implementations in comparison ( f’
denotes the filtered, p’ the original field)

Because the whole method we are developing up to this point is based on explicit finite
difference approximations the filter should also be explicit.
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10.3 Derivation of a Taylor filter

Let’s say we find an approximation ¢ for the value of a field variable ¢ in point n which
is based on —N to M neighboring points. ¢ is supposed to be the filtered field and ¢ is
the original field. w; are the filter coefficients.

M
Gn = Wjny (10.1)
j=—N

The error of such an filter in the wavenumber space is given by the answer to a harmonic
excitation in space with the relative wavenumber kAx:

M M M
U= Z w; expli j kAx] = Z wj cos[j kAx] + 1 Z w; sin[j kAx] (10.2)

Jj=—N Jj=—N Jj=—N

From (10.2) it can be observed, that a zero imaginary part would be achived by a sym-
metric set of filtering coefficients (M = N, w; = w_;) as the imaginary part is produced
by a sine function, which is anti-metric around zero. A symmetric distribution of points
involved into the filtering will allow zero imaginary parts and therefore no phase change:

’w]' = w_j (103)

Therefore we concentrate on these central filter stencils with M = N and consider (10.3)
as the first condition to our filtering stencil.

The way to find a good approximation to a given field, which includes no short waves
is a Taylor-series expansion. This technique is a standard for the filter design since
digital filters are developed. The idea is, that the Taylor-series expansion will give an
approximation by the neighboring points for the functional value in a given position,
which is smooth to a certain order given by the number of points N. Therefore we
develop (10.1) into a Taylor series around x,,:

9 n 10%, 10%,

Fo = - [¢”+ gr (TNAD)+ g Ty (CN A g (SN Ay

d én 1 9%, 1 9%,
Fmwen [0+ GO (N 4 D A0 + o SO (N 1) Aa 4 g T (N 4 1) A
+ wo [Pn] (10.4)

0 én 0%y, 1 0%,
+wy_q [¢n+ P (N-1)A )+ﬁ 5.2 ((N—l)A;p)2+§ 53 ((N—l)Ag;)z}

d n 1 0%, 1 0°%p,

+ O(Az?)

In a more general manner we could say that with a number of points in a distance j Ax
(j = =N ...N) from the point we are looking for a Taylor series denoted by the infinite
sum over k =0...m:

+ O(Az™) (10.5)




After reordering the components with respect to the order of accuracy we can reach we
obtain:

Gp = [W_Ny +W_Np1+ ... FWo+ ... FwN_1 +wWN] Dy

O ¢n

+[w_n(—N)+w_nyi1 (N + 1)+ ... +wo0+... +wy_1 (N —1)+wy (N)] ;;
%¢n
—I—[wa(—N)2+w7N+1(—N+1)2+-~+w00+~-+wN71(N_1)2+wN(N)2} afz
< 83 n
—|—[wa(—N)3+w7N+1(—N+1)3+-~+w00+~-+wN71(N_1)3+wN(N)3} af:a

+ O(Az?)

Reordered with respect to the finite sums and the summation indices j and k this equation
reads:

B m A k 8k N N .

k=0

If the inner sum is zero respectively, the summand of the Taylor series is zero. To get
the approximation of the function value itself, the zero order must be multiplied by one.
Together we get the following conditions:

dow =1 (10.7)
> Gw, =0 (10.8)

> (G)Pw =0 (10.9)

N
>N V=0 (10.10)
=—N

j —

The symmetry condition (10.3) ensures a zero imaginary part and reduces the number of
unknown filter coefficients by N. All odd exponentials multiplied on the filter coefficients
are satisfied due to symmetry. Therefore only the even exponents give a new condition
to the w;. From (10.6) we can find only N of the N + 1 conditions to the unknown filter
coefficients. (10.7) to (10.10) plus the symmetry condition (10.3) do not fully fix the set
of filter coefficients. However, the further conditions to reach a higher approximation
order can not be fulfilled. It would conflict the conditions formulated before due to the
additional condition given by the symmetry. The number of conditions will extend the
number of unknown coefficients. With other words: we have to add points to achive a
higher order. With a 2N +1 point filtering stencil only a 2N** order Taylor approximation
to the value of a function itself can be achived.

The last condition to fix the set of coefficients is found by the filtering characteristics we

would like to achive. The short wave component should be deleted from the given field
fully, therefore we take the shortest resolvable wave and say that the answer of the filter
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to this input should be zero. The shortest possible wave resolved by only 2 ppw is a point
to point grid oscillation (see figure fig. 10.4) which is to be deleted:

_ i (_1)]’ w; (10.11)

j=-N

fﬂ AA A
VY VY

R | I | I |
= -10 0 10

Figure 10.4: Spatial point to point oscillations (black circles), which should be deleted
(red circles)

10.4 Conditions to the filter coefficients

Altogether, the conditions to an 2N*" order symmetric filter with 2N +1 coefficients reads
as follows:

j=—N
N
Z(j)2wj =0
j=—N
N
> ()w =0
j=—N
N
Z(j)2(N_1)wJ =0
j=—N
U}J = w_J
N
Y (-1Yw =0
j=—N
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Hint:

In some publications the filter is defined as a change with respect to the original value:

M
¢n = Cbn + E W ¢n+j (1012)
Jj=—N
15 T T 05
~ ideal T idea
L S PP P PPN - 0
] 3
=2 ) H
e : E :
z Position of thejump is not fixed g Position of the jump is not fixed
05— — -05H : -
o ‘ ! : ‘ 1 |

. : .
0 05 1 0 0,5 1
o Ax [xm] o Ax [xm]

Figure 10.5: Idealized filter characteristics of both definitions

Due to the different definition we end up with a similar system, but the filter characteristics
are reversed. The sum for the order zero must equal zero now, as the higher orders do.
The answer to an point to point oscillation would be the negative value at the considered
position, so that we get ¢, = ¢, — ¢, = 0 in this case:

N
Z wj =0
j=—N
N
Z(j)ij =0
j=—N
N
> e =0
j=—N
N
Z(j)Q(N—l)w] - 0
j=—N
w] = U}_J
N
Y (-w = —1
j=—N

The advantage of this definition is, that it allows a little filtering and it is directly appli-
cable as SAD in order to compare both methods directly. However, this kind of definition
is contrary to any publication on digital filters.
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10.5 Filter coefficients

Table 10.1: Filter coefficients for a filter defined to be ¢,, = ¢, + Zj]\i_N Wi Oy j

W_g=1Wg | Wy =Ws | W_g =Wy | W_g =Ws | W_g =Wy | W_1 =W | Wy O(Ax*)
1 1 2
: : : : : L[ [owe
1 1 3 4
- - - - —i 1 —5 | O(Ah)
1 _3 15 5 6
- - - 64 32 64 5 | O(Az?)
__1 1 _ T 7 _ 35 8
3 - 256 32 64 32 155 | O(Az%)
1 5 45 _ 15 105 _ 63 10
- 1024 512 1024 128 512 26 | O(Az7)
! 3 33 55 495 99 231 12
1096 1024 2048 1024 1096 512 {521 | O(Az™)
100E T 1,
L — 0,5
1 i
~10°F
ER: W 0
k) L long waves f ispefsive’'waves "._ parasite waves
5 [
k9] . —-05—
x| '
\F.L 10 = * n >E)
s
8 I : -
7 idedl -
a == 5 Punkte Standard
10°F e—o 7 Punkte Standard -1-15
E 9 Punkte Standard ]
C 11 Punkte Standard
- : ., -2
N . .."“-m:
10—4 1 - | 1
0 0,5 1

o Ax [xT]

Figure 10.6: Different standard filters and the DRP depending on aAx

The more points are used for the filter, the wider is the bandwith of the passed wave-
lengths, i.e. a small filter could filter too much waves.
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10.6 Optimized filters

There are several publications on optimized filters, but they all suffer from the problem,
that the approximation characteristics in the error over wavenumber graph is made of only
N cosine functions. A optimization in order to move or steepen the cut off from pass band
to blocked wavelengths will therefore also lead to a larger error in the pass band. The
Taylor series is in an optimum if the dissipation over the pass band would be the criterion.

To achive better filter characteristics one would have to use more points in the filter
stencil. A comparison of the filter and the DRP characteristics helps to identify the 11
point filter as the best approximation to the ideal filter curve.

10.7 Comparison SAD vs. Filter

Compared to the selective artificial damping, the filter is less dissipative in the pass band.
The use of the modified filter formula allows to give a filter amplitude to control the dis-
sipation. The direct change of the field variables allows arbitrary adjustment of the filter
amplitude. The filter coefficients could even be used in a selective damping way.

The placement outside allows to give filter cycles. Filtering only every T timestep allows
still to delete the short and dispersive waves, with at the same time even lower dissipation.

The computational performance of such an cycled filter even with higher point number is
better than that of the SAD.
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11  Wall Boundary Conditions for High-Order Finite
Difference Schemes

For a higher order finite difference scheme the order of the difference equations is higher
than that of the Euler equations. Therefore zero normal velocity boundary condition (wall
boundary condition) is not sufficient to define a unique solution. Additional conditions
must be imposed. Unfortunately these additional conditions would inevitably lead to
the generations of the spurious numerical waves. A special care (boundary condition) is
needed.

11.1 Definitions

Boundary points:  the first three rows of points

adjacent to the wall
Interior points: points lying three rows or more away from the wall
Ghost points: points outside the wall

(the computational domain)

11.2 Why do we need the ghost points?

Fact

In the discretized system each flow variable at interior and boundary points is governed
by an algebraic equation (FDE). Thus the number of unknowns is exactly equal to the
number of equations.

Problem
There will be too many equations and not enough unknowns if we would like to enforce
the boundary conditions at the wall.

Solution

By introducing ghost points, the additional conditions imposed on the flow variables by
the wall boundary conditions can be satisfied. The number of ghost points must be equal
to the number of boundary conditions.

Let us consider an inviscid fluid flow condition, the wall boundary condition is v = 0 and
% at y=0 where (u, v) are the velocity components in the z and y direction respectively.
We have one boundary condition; one ghost value is therefore needed for each boundary
point at the wall. The actual physical process suggests that a ghost value in pressure to

be considered:

Linearized Momentum Equation:

dv - 1
— _f(7,eradd,..) — —grady’ | A
57 (¥, gradd, ... o gradp |71
9, - 1oy o,
th = —nf(v,gradd,...) _%81’; (;]t = 0 with wall boundary condition
op Loz
jaﬁ = —po-n-f(U,...)
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7-point stencils used for computation

&
8
_______ S —— i — — — — — — — = ? .
A . . 7 A oy .
ap difference  ghost solid op  ou O difference
= . = = 10 =M =~ v
o) stencils points wall &) & o) stencils
stencils used for g—g stencils used for 3_57 g—;‘, g—;

11.3 Implementation

The 7-point-stencil DRP scheme:

m Az l+j,m A m+j lm
Jj=-3 Jj==
3
S(n+l) _ A(n) > (n—17)
Im - Ql,m + At z:o b] lym
j:

The above scheme needs to be modified for the third element v of the discretized Euler
equations at the boundary (y = 0). Assuming m = 0 at y = 0, we have

(n+1) _  (n) S end)
]:
where Kﬁo_j = (%)?O_j.
From the third equation of the Euler equations, ‘gz + ug 8; = —pio% we have
n—j 3 1 > 5, (n—3)
Kl,O = _A_O Z vl-i—’bo - poAy ‘721 pll (112)

where the backward stencil coefficient &1_15 means, that there is one point forwards and
five points backwards. The ghost value pl(jl_)l is found by setting UZ(EH) =0, v?n =0 in

equation (11.1). Then we have Kl(z_j) = 0. From equation (11.2) with Uli é) we can

determine the ghost value
5

m _ 1 15, (n)
P =715 2% Pui
-1 =0

which is equivalent to set the ghost value such that g—z = 0 at the wall.
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For viscous fluid flow, no-slip boundary condition is v = v = 0. The ghost value pl(jl_)l

ensures the condition Ul(z+1) = 0 is satisfied at the wall. But the wall also exerts a shear

stress 7, on the fluid to reduce the velocity component u to zero (v = 0). Another ghost

value (Tgcy)l(n_)1 is needed to ensure that ul(%ﬂ) = 0. Therefore the same backward stencils

as for the pressure are used for 07,, /0y in the z-momentum equation.

11.4 Symmetric Boundary Conditions

For symmetric boundary conditions, the values for pressure and velocity are mirrored on
the plane of symmetry. Consider a central 7-point-stencil:

computational domain boundary

/ physical domain boundary \

i=1 2 3 4 5 6 7 Imax-6 Imax-s  Imax-4 Imax-3  Imax2 ITmax1  Imax

Boundary on the left:

U —Ug—;
bi = DPs—i
Boundary on the right:
Ui = Winaz—6+(imazr—1i)
Pi = Pimaz—6+(imaz—i)
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12 Non-reflective Boundary Conditions

Since the DRP scheme and the PDE have the same dispersion relations in the limits of
a~ a f ~ fand @ = w, the radiation and the Outflow boundary conditions can be
constructed from the asymptotic solutions obtained by the Fourier-Laplace analysis of the
Euler equations.

12.1 Radiation Boundary Conditions (Two-Dimension)

The asymptotic behavior of the acoustic waves is

L

p az
F <— —t 0) a(6)
(7 V(6) ' c _3
vl = . pa | +0 (r 2) (12.1)
r2
poco
r], 1

acoustic waves (polar coordinates r, )
where
V() = c [Mcos@%— 1 — M?2sin? 9}
@ (0) = cos®— M+\1— M2sin*0

V() = sind [\/1 —M281n29+Mcosé]

By taking the partial derivatives of equation (12.1) (first component) with respect to the
time t and the spatial coordinate r

% - (ﬁ;’@) () o (i)
% _ ¥m (er)—t,é)r—#F<%—t79) {1]+o(rz)

We have . 9 5
p O p s
V) 5t T =00 ()

Similarly, we can derive for the far field

1 8+8+1
V(@) ot Or 2r

[Nl

—0+0 (r— ) (12.2)

" e 2

a

0 is the angular coordinate of the boundary point and in Cartesian coordinates

0 _9x0 —i—%i:cosQ——l—sin@—

ar  Orodz ordy ox dy

To solve the equations at the boundaries, the location of the source Q has to be determined
and then the radiuses and angles have to be evaluated for every boundary point.
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u: radiation direction

Ug, M: flow direction

source

Equation (12.2) provides a set of radiation boundary conditions without flow exiting the
domain (no incoming acoustic waves). With incoming acoustic waves and given pj,, i,
vin and p;, we have

1 1 U — Uin - ,g
(—V@-ww;) o | =0+ ()

Note on the radiation boundary condition
1. Accurate and efficient in even moderate far field
2. Not suitable near acoustic sources or when the mean flow is very non-uniform.

12.2 Non reflective Layer boundary conditions
12.2.1 Termination of the computational domain by a simple sponge layer

We think about the 2D LEE written in terms of:

dq dq dq
—=-A-—-B-—=-D- 12.3
ot ~— dx T Ody % (12.3)
Fp‘h’y&
With
g=(d, o, v, w, p)" (12.4)
and the derivatives of ¢ in z are multiplied by:
U 5 0 0
o U o !
A= I 12.
a={g o 0 (125)
0O vyP 0 U
The derivatives in y are multiplied by:
V0o o2 0
0V 0 0
0 0 yP 0 V
The derivatives in the mean flow are for example given by:
oU | 9V 9o do
1 ‘8_5CU+8_IBU g% aa_g /
fodivi B h
— | 170V | 7oV Vo oV
D:=|1l@or+var) ov 2 0 (12.7)
0 5% o PlUG+VE



Then a simple sponge layer with proportional damping is defined by:

dq

57 = “Lonys (@) — Ralz,7) (¢ — q,) (12.8)
The proportional damping will dissipate any wave traveling towards the boundary region
of the domain. The formula is strongly oriented on the mechanical formulas of proportional
damping. This kind of so called Newton cooling/friction type damping in the sponge layer
was first introduced by Israeli [5]. Producing a simple 1D wave equation from equation
(12.8) we start with:

ap’ 5, _o0u

57 +c0 P + Rqp' =0 (12.9)
au 19y
8—Z+582+Rdu’:0 (12.10)

Now like in the derivation of the wave equation we derive the equations in time and space
respectively:

0%, 0 ou ORqp

— 0 12.11
oz o1 0x T ot (12.11)
0 ou 0% 0 R v
5 0 =0 12.12
an8t+8x2+g ox ( )
The wave equation is:

0%  ORyp 5, _ORqu  , 0%
=0 12.13
oz "ot % Tar T a2 (12.13)
Pressure and velocity are not fully decoupled, but one can observe, that a damping first

order derivative is added in the time. If we replace c? @ag—‘;“/ we can also see, that a

damping first order derivative in space is added to the right hand side.
0%’ ORyu 1 ORyp 02/
u d% _ b 22 (12.14)
0t? ox oc2 Ox 0x?
Even though the partial differential equation is not solved, we can conclude, that this
kind of damping will reduce the amplitude of waves traveling in any direction.

The main disadvantage is that the sponge layer will reflect waves, as the wave numbers
inside the interior domain and inside the sponge layer do not match. This may be overcome
by introducing a distribution of the damping coefficient, that shifts the main change of
wave number to a region inside the sponge layer (compare fig. 12.1):

1 d%e
exps —=np————, , dpc <Ax
Ra(w,r) =4 7 { o P A:E?VC/F} be NG/F (12.15)

0 , else

To further improve the performance the sponge layer could be stretched towards the
boundary, but stretching ratio should not exceed 1.05. Above the short wave generation
will annihilate the advantages of the stretching. Selective Damping or filtering is addi-
tionally highly recommended with grid stretching. The boundary condition is extremely
simple, but requires a extension of the domain. It works close to sources, as well as with
numerical artefacts. Due to the short wavelength the parasite waves are damped very
efficiently. The boundary condition is independent of the used physics and works with
LEE as well as APE or PENNE type equations. However, as the damping is not selective
a mismatch of wave numbers may lead to reflections. That is the reason to extend this
simple ”(sponge) layer” boundary condition by a more thought over one. In case of sheared
flow or instability waves, this kind of boundary condition is unstable even.
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Damping Distribution for R
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Figure 12.1: Damping distribution and stretched axisymmetric grid
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12.2.2 Split formulation of the PML

In the frequency domain a useful technique to produce non-reflective boundary conditions
is to introduce a imaginary part to the frequency. The perfect matching is reached by
keeping the dispersion relation constant, and only adding a imaginary part to the fre-
quency and the related wave number pointing towards the outer boundary of the PML.
As only the wave components impacting normal to the end of the computational domain
should be damped, the developers of the PML introduced a split of variables. Even the
earliest PML for the electrodynamics from Berenger [1] used this kind of derivation. For
an arbitrary vector ¢ this reads in the frequency domain:

- X 4. 04
—twq t0:q =—A 8% (12.16)
_— X g 91 '
—ngy—i-oygy— —b - 8_y

Please note that electrodynamics do not account for any convective effects and we use a
e 1wt convention. This is the reason that the simple transcription of the so called split
PML to the LEE by Hu [3] in the time domain is unstable if a mean flow is present [6].

9q 5 9q
7 o 94 (12.17)
ot TR gy
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12.2.3 Unsplit formulation of the PML

There are two things solved by Hu [4]:
(a) The original PML is unstable under a mean flow

(b) The split of the variables has to be maintained in the whole computational domain,
which doubles the number of variables in 2D and makes the equations not easy to
implement.

(¢) The mean flow derivatives are not yet accounted for.

2. Unsplitting the PML Let us first address the second point. The split of the vari-
ables can be undone following Hu [4]:

We multiply the split equations by 1 + % and 1+ % respectively:

io io i 94
—iw(l+—")(1+—2)g =-(1+—2H)A- =

@u(; @L; z(}j 88:2 (12.18)
—iw(1+ wx)(1+7y)gy:—(1+ wx)ﬁ- 7y

Then the equations are added up, and as the factor in front of the left hand side is equal,
we can unsplit the left hand side as ¢ = Qx + Qy:

q.

i L0a L9y 6=
iw(lt+—=) (1+—7)a
. aA
—(1+ 1) A a—g (12.19)
10y 94
_(1_|_ - )Ea_y

Multiplying and sorting all the terms into the exponents of —iw delivers the PML equation
for one frequency. The back transformation into the time domain is done replacing the
—iw terms by time derivatives and the é terms by time integrals. To allow this we
introduce a new variable ¢;, which is only defined and computed in the PML region:

on
ot

(12.20)

>

One can see that the number of variables has not really reduced in the PML, but the
implementation is simplified.

1. Stability to the PML The reason for the instability of the PML is the mean
flow. It allows waves, that have positive group velocity, but negative phase velocity. The
PML printed above is not well posed in this case. The whole idea works only, if there is
phase and group velocity with equal signs. This is always true for the vorticity and entropy
modes, but the acoustic waves produce errors. To get rid of the problem, a transformation
to the moving frame of reference is introduced. This allows to use the original PML and
it will be well posed by default. Then the backward transformation will give the stable
PML formulation for the fixed frame.
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3. Accounting for the mean flow This part is the simplest, as the mean flow can be
seen as a source term. This source term changes wave numbers and produces reflections
therefore. The PML is artificial. The sources in this region should not be accounted
specially for the PML.

ngx—i—gy—i—gM (12.21)

So simply do nothing additional, but keep this part in the LEE. The PML assumes a
constant mean flow in the PML, which may lead to an ill posedness, if highly not satisfied.
However, even shear layers and instability waves are absorbed by the unsplit PML.

Final PML formulation in 2D Finally we end with the PML of Hu in a very simple
formulation:

LN
2>

04 04 04 1. . .
E:_A%_E@_;QQ_Q%
Euler equations
. 04, 04,
—(ax+ﬁ+%)g—(ox0y)g1 oAb (12.22)
sponge layer
1 ﬂfz §A owq+0u0yq)]

v
fixed frame correction

There are several different groups developing PML equations for the LEE e.g. Hesthaven
[2]. It seems that there are perfectly matched several solutions, that depend on the
definition of the auxiliary variable ¢ . As the PML is in fact a sponge layer with correction
for the preservation of the dispersion relation, the damping coefficient could be distributed
in the same way. The PML damping coefficient can however be adjusted more freely. The
allowed range is large, and even though it should be smooth to minimize reflections, the
PML can be very short compared to the sponge layer.

12.3 Outflow Boundary Conditions (Two-Dimension)

At the outflow boundary, it consists a combination of entropy, vorticity and acoustic
waves. Therefore, if the flow points in positive x-direction outside the domain

f (iC - u0t7y) + Pa

p &

u — 8_g (l’ - Uot,y) + Uq (12 23)
v —%’(x—uﬁ,y)—l—va

p Pa

As we can see that the outflow boundary condition for p is the same as that of the radiation
boundary condition.

1 0 0
L o p

V@yot or 2r

and in Cartesian coordinates,

1 0op dp . Op p
e =X I
V(9) ot o Oox ein dy N 2r
The first component of (12.23) contains an additional term from the entropy. By taking
the partial derivatives of equation (12.23) with respect to the time ¢ and the spatial
coordinate x
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0pa
— = —upf' (x —upt,y) + P

ot ot
ap o / ap a
we have 5 9 5 5
P P _ OPq Pa
ot "M T o T

Due to the fact that p, = p = c2p, (the acoustic equation of state), p,can be eliminated.
The outflow boundary condition for p is therefore

dp op 1 (ap 8p)

E‘FUO%:C—% E—FUO%

The second and third component of (12.23) contains additional terms from the vorticity.
Following the same procedure, we have

ou ou Ou, Ou,

o T Mer T o TMar
v 2t~ QM
ot or T o "%

Since the acoustic components satisfy the linearized Euler equations

u, Ou, B 1 Op, 1 op
o "T"or T Tnor  mor
v, S 0v, _ 1 9pa _ _1dp
o "o po Oy po Oy

The outflow boundary conditions for the velocity components u and v are after eliminating
U, and v,

ou  ,Ouw _ _10p
ot Yor po Ox
o 1oy
ot 0 po Oy

The outflow boundary conditions for all the variables are

0 0 1 (0 0
2w = 2 (Z+uwl)
du . u _ _1dp
ot T Wa, = o (12.24)
5 5 ot 5 09z — po Oy
_1 _op p i op A

where V() is the same as in equation (12.1).
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12.4 Implementation of Radiation and Outflow Boundary Con-
ditions

To decide whether a radiation or a outflow boundary condition should be used, one can
use the radial source normal vector 77, at the boundary:

i, - Uy < 0 = radiation boundary condition (12.2)
i, - g > 0 = outflow boundary condition (12.24)

source

For 7-point-stencil schemes, three columns and/or rows of grid points very next to the
boundaries of the computational domain are considered as a boundary region. In a bound-
ary region, instead of solving the Euler equations, the radiation or outflow boundary con-
ditions (in terms of PDEs) are solved using the same DRP scheme and the optimized
multi-time level time discretization.

The two sets of the discretized equations for the boundary region and the interior region
are advanced simultaneously. At some grid points, it is impossible to use symmetric
spatial stencils. The optimized backward differences (7-point-stencils) are used when

necessary. Point A and point B are typical grid points with symmetric spatial stencils
and asymmetric spatial stencils.

Boundaries of the computational domain

S A [ A AR I I
el e T [ B e o M
Lo T : T
oo sade s e Lo o e o T o o e o Lo oo
T ¢ T T
LI P
A I
=
| IB
g g
|
o s
I
1 _'__1(__

Boundaries of the physical domain
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13 Nonlinear CAA

The linear wave equation does not consider certain nonlinear effects correctly:

e High amplitudes
e Interaction of the different modes of turbulence (acoustic, vortex and entropy)

e Shocks forming

Below a formulation will be derived which can handle dissipation and interaction between
modes more probably, but the appearance of shocks will still be excluded. This lecture
follows the considerations of Long [1]

mass conversation:

a — —
a—fﬂz. (vp) —|—p<V~ﬁ) (13.1)
Dividing quantities in mean values and perturbations:
p=p+r
U=u+u (13.2)
p=p+p

Employing this to the mass conversation:

G (ﬁat D _Gra). V(4| + 5+ p) |V @+ )] (13.3)

It is assumed that p and @ are the temporal mean values and hence g—f =0
6 /
L

= ' 7
ot g

(4]
<
)
_l’_
=
<
Sl

+ (13.4)

S
| — |
<
b\
+
g\
| — |
<
S
. +
eyl
o —
[
+
b\
<
S

274 order terms # 0

The first bracket under the terms which depend only on the mean values is zero, because
they itselves fulfill the mass conversation. The second brace emphasis the extra terms,
which are in the nonlinear theory not negelectable.

95



13.1 Dimension free formulation

Equation (13.4) is applied to the characteristic factors (table 13.1), to obtain a dimen-
sionless formulation:

quantity | characteristic factor
P Poo
U Coo
t R/cw
T R
2
p pOO C()o
v 1/R

Table 13.1: characteristic factors

Coo O Poc’ l-, |: - ﬁ:| 1 2 |: v :’/]
7 o1 7l Coo Vpoop| + Rl Vet
1= v 2 1 NARS =
+ R liCo0 ° [Zpoop} + PP [Z : coou] (13.5)
1 - o 1 . N
+ ﬁc‘x’ﬁl' [Zpooﬁ/} + }—%poo,é’ [Z : cooﬁ’] =0
oot \OD |G (S7) 4 i - (5) + A i)
R |0t - -

(13.6)

+I ) + )+ (99)] -
Equation (13.6) is now dimensionless. It is equal to (13.4), except that the ordinary un-
knowns are substituted by " unknowns and the constant factor <<= is put in front of the
equation. If it’s p = ps in the whole domain, p becomes 1 and all derivatives of p are
zero. So far it seems that applying the dimensionless form of an equation does not give
many advantages.

Though, the exclusion of a constant factor yields the equation for the mass conservation
is now of order 10' (CFL ~ 1 = cAx/At). This is advantageous for computations, since
computers have only a finite accuracy, which has its highest resolution around 1. If the
equation stays in that range even after operations like multiplication and division, the
truncation error is of minor importance. Beyond that the accuracy can be enhanced if
R~ Ax, Ay, Az, and the mean values are equal to the unknowns in infinity (p = poo)-

In addition, the momentum equation has its scale factor. Consider the momentum equa-
tion in primitive form, divided by p, the first term is given by:

oal m A

It is sufficient considering only the first term, because the entire equation must have the
same dimension. Thus also the energy equation, in primitive form can be normalized, by
considering only the first term:

3
[@] _ kgm | PecCo (13.8)

ot _m253M R
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A remarkable feature of the non-dimensional equations is, that the speed of sound in this
modified system is equal to 1 if the characteristic factors are chosen to equal the constant
mean values. Although the mean pressure is not uniform anymore, it equals 1/7. After
normalization the momentum equation also has to be applied to the separation into mean
value and perturbation (equation (13.2)). In the following the ~ -mark, indicating the
normalized form, will be omitted.

ot
= —
= o) | @) (W@ ) | = Yoy (139)
ou - Vo Vp(p+/ D
= 4T (yﬁ)Jr—Tp—Jj(er,p_) + _—p,
ot p(ptp)p  p+p
=0 (mean momentum eq.)
8ul = — —) zp, —) =
+2 +(u—|—u’)-(Zu’)+ﬁ+p/+u’-(_u):0 (13.10)
with . / -
F__r_pr_p_1_1 (13.11)
plp+p) pp pp pp P P

We finally get the momentum equation for the perturbed nonconservative nonlinear Euler
equations (PENNE) formulation

ou . Zp' _ p/
= =—|(u+d)- (V) + = + i - (Vi) — =—=Vp
ot ( ) (V) p+r () p(p+p)

(13.12)

Note: If the momentum equation is not divided by p the result (13.12) looks different,
because the mean flow would fulfill a slightly different equation. However, it will
lead to more exact results, if the mean pressure gradient is used instead of the
velocity gradients.

Finally the energy equation has to be adapted to (13.2). A simplified form of it denotes
Ip

5 7@ (p) +yp(¥ @) =0 (13.13)
and with equation (13.2):
ap + p/ = —/ — / — / = —/
or +(@+@) [N@+p)+v@0+p) [V (@+d)] =0 (13.14)
Separating the mean flow equation from the acoustic equation.
op o oS
5 T (Vp) +yp(¥ @) =0 (13.15)
ap/ = — / — / — —/ — / =
5, =~ @+ @) () + 9@+ ) @)+ - (¥p) + 79/ (¥ - 0)] (13.16)
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Additional material
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A Acoustic Noise Fundamental and Measures of Sound

Acoustic disturbance can be considered as small-amplitude perturbations to an ambient
state,

(poa Po, ﬁo) :

The ambient-field variables satisfy the governing equations.
p=po+p
p=pot+p

ete.

where p’ and p’ represent the acoustic disturbances to the overall pressure and density
field.

A.1 Definitions

Ambient state: The medium through which sound propagates.

A homogeneous medium: All ambient variables are independent of position.

A quiescent medium: All ambient variables are independent of time and ﬁo = 0.
An isentropic medium: Physical properties are independent of the direction in

which they are measured.

From the linear wave equation,
0?p
ot?

we can see that at any spatial location where p is a maximum (% < 0, V?p < 0), the

= *V?p

W =
the acoustic pressure at the point would grow without a bound and the medium would
be unstable.

value of p should be accelerated forward decreasing p (% < 0) . Otherwise ( 22 —02V2p> ,

A.2 Questions

(a) What is a wave?
The wave is a disturbance that travels through a medium (a gas, a liquid, or a solid)
Sonic waves: Sound waves that can be perceived by the hearing sense of a human
being.

(b) How does wave travel?
Longitudinal propagation:
A longitudinal wave is a wave in which particles of the medium move in a direction
parallel to the direction the wave moves.

(c) Transverse propagation:
A transverse wave is a wave in which particles of the medium move in a direction
perpendicular to the direction the wave moves

99



A.3 Acoustic Noise Fundamentals

e Sound is a change in pressure with respect to the atmosphere

e Noise is unwanted sound

Speed of sound in air is about 1 130 ft/sec (340 m/sec)

Wavelength A = ¢/f,

where ¢ = speed of sound
f = frequency of sound (cycles per sec)

Normal range of hearing is 20 Hz to 10 000 Hz

Most sensitive range is 1 000 Hz to 4 000 Hz.

A.4 Measures of Sound

Root-Mean-Square Sound Pressure Most common sounds consists of a rapid, irreg-
ular series of positive-pressure disturbances (rarefaction) measured from the equilibrium
pressure value. If we were to measure the mean value of the sound pressure disturbance,
we would find that it would be zero because there are as much positive compression as
negative rarefactions. Thus, the mean value of sound pressure is not a useful measure.
We therefore look for a measure that allows the effects of the compressions to be added
to the effects of the rarefactions, i.e., the rms sound pressure P,

(a) Squaring the value of the sound pressure disturbance at each instant of time
PA()

(b) The squared values are added and averaged over the sample time

1 t+T
(P = 7 / P (t)dt
t

(¢) The rms sound pressure is the square root of this time average

Prms = (Pavg)2

Sound level is a logarithmic scale:

2
SPL (Sound pressure level) = 10log [%} = 20 log T = L,(dB)

2
DPret Dref

where p,e= reference sound pressure, which is 2 x 107> N/m? (20uPa) for airborne sound
and 10~% Pa for underwater sound.

The correspondence between the sound pressure level L, and pyms
Prms = prefloLp/20

Therefore, increasing L, by 20 dB implies increasing p,ms by a factor of 10.
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Understanding Decibels The decibel (abbreviated dB) is the unit used to measure
the intensity of a sound. On the decibel scale, the smallest audible sound (near total
silence) is 0 dB. A sound 10 times more powerful is 10 dB. A sound 100 times powerful

than near total silence is 20 dB. A sound 1000 times powerful than near total silence is
30 dB.

The following are some common sounds and their decibel ratings:

0dB essentially no sound heard
15 dB a whisper

35 dB quite home

60 dB normal conversation

70 dB noisy street

90 dB a lawn mower

110 dB a car horn

120 dB a rock concert

140 dB a gunshot or firecracker

We know from our own experience that distance affects the intensity of sound, i.e. if we
are far away from the sound source, the power is extremely diminished. All of the ratings
above are taken while standing close to the sound source.

Adding decibels
dBi+dBy+. .. +dB,, = 10log(104B/104109B2/104  104Bn/10)
Examples:

(a) Two equal decibel values (i.e. two identical fans) add to produce a 3 dB increase.
86 + 86 = 89 dB
100 + 100 = 103 dB

(b) Two decibel values differing by 6 dB add to produce a 1 dB increase
86 + 80 = 87 dB
100 + 94 = 101 dB

(c¢) N sources generating the same sound level are combined, the overall sound pressure
level will increase by 10log(N) dB

Acoustic Intensity The acoustic intensity [ is defined as

T

It is the time-averaged rate of energy transmission through a unit area normal to the di-
rection of propagation. It is the product of sound pressure and acoustic particle velocity.

T
I= —/ pt - ndt (Watt /m?)
0

For a plane harmonic wave
P2
2p0€
where P is the peak acoustic pressure amplitude.

==+
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Acoustic power Acoustic energy delivered per unit time (Watts), i.e. the energy trans-
mission through an area normal to the direction of sound propagation.

Directivity Directivity is a measure of the directional characteristic of a sound source.
It is the ratio of the sound intensity produced by a sound source on a specific axis to that
of a point source that is producing the same acoustic power.

Noise Analysis
e Microphone - Measures pressure fluctuations

e Analyzer - Takes amplified pressure fluctuations and processes the information into
useful information.

e Octave Band Analysis

Octave Band Because most sound are complex, fluctuating in amplitude and frequency
content, the relationships between sound energy level and frequency are required for mean-
ingful analysis (data plotted in this way is called sound spectrum).

120 71717177 T

110 F ‘

Sound pressure level (dB)
8
o

80
70 L1 L [ [ L1 T [ | L ]
10 20 50 100 200 500 1000 2000 5000 10000 20000

Frequency (Hz}
Figure A.1: Sound Spectrum of an Air-Compressor

For most engineering applications themain concern is in the frequency range from 20 to
20,000 Hz. Although it is possible to analyze a source on a frequency by frequency basis,
this is both impractical and time-consuming. For this reason, a scale of octave bands and
one-third octave bands has been developed. Each band covers a specific range of frequen-
cies and excludes all others. The word "octave” is borrowed from musical nomenclature

where it refers to a span of eight notes, i.e. do to do. The ratio of the frequency of the
highest note to the lowest note in an octave is 2:1.
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If f, is the lower cut-off frequency and f,; is the upper cut-off frequency, the ratio of
band limits is given by

fra1 & . k=1 for full octave bands
= 2 with
fn k= for one-third octave bands

An octave has a center frequency that is v/2 times the lower cut-off frequency and has an
upper cut-off frequency that is twice the lower cut-off frequency. Therefore,

W=

fo=2f upper cut-off frequency
fo=V2fi center frequency

fi = fo/V2 lower cut-off frequency
bw = fo — fi band width

Comparison of 1-octave and |-octave bands

1 Ocrave } Ocrave
Lower Upper Lower Upper
cntafl’ Center cirtofff emloffl Center . culeff
Srequency Srequency  freguency  freguency Srequency Srequency
(1/2) (il2) (/) (112) (irz) (Iz)
Il {1 22 4.1 16 17.8
17.8 20 224
22.4 25 28.2
22 3.5 44 282 3.5 35.5
. 35.5 40 44.7
44.7 50 56.2
44 63 BB. 56.2 63 70.8
70.8 80 89.1
89.1 100 112
1] 125 177 112 ' 125 141
141 160 178
178 200 224
177 250 355 224 250 282
282 315 355
355 A00 447
55 500 710 447 500 562
562 630 708
708 E00 g9l
710 1,000 1,420 891 1,000 1,122
1,122 1,250 1,413
1413 1,600 1,778
1,120 2,000 2840 1,778 2,000 2,239
2,219 2,500 2818
2,818 1,150 3,548
2,840 4,000 5,680 3,518 4,000 4,467
4,467 5,000 5,62
5,611 6,300 7,079
5,680 B,000 11,360 7,079 8,000 89013
' B9I3 10,000 11,220
11,220 12,220 14,130
11,360 16,000 22,720 14,130 16,000 17,780
17,780 20,000 22,390
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A.5 Air Mover Selection Hints

e Run as slow as possible

e Pick a fan that will operate at peak efficiency

e Be aware of blade passing frequency and harmonics
e Blade Passing frequency = N-Z/60 (Hz)

where N = # of blades
Z = rotational frequency in RPM

e Fundamental noise frequency must not equal mounting structure natural frequency
e Limit line of sight to prop / rotor

e Acoustic dampening foam

e Filters can dampen noise

e Mechanical isolation

e Control air velocity in system. The lower the better.

e Keep sharp objects away from prop / rotor. This will create another fundamental
frequency

e Put fan as far away from noise critical areas as possible

Noise Basics There are three basic sources of noise in an air mover: aerodynamic,
mechanics and motor. Aerodynamic noise is comprise of three basic components:

blade noise
turbulence
vortex shedding noise

Of these three, the blade-passing tone generally dominates the noise. The blade-passing
tone results from the air momentum which occur every time a blade passes a given point.
The number of times such momentums occur per second determines the fundamental
blade-passing frequency. This is given by:

f _N-Z Hz. whero Z = number of blades
) W N = rotation speed in RPM

As the speed or the number of blades increases, the fundamental blade-passing frequency
increases.

Small scaled turbulence is present in almost any environment. As this passes through a
fan or blower, it produces a fluctuating lift on the blades. This produces a fluctuating
pressure in the air and hence noise. The frequency characteristics of such noise is broad-
band and the intensity generally low, unless the turbulence intensity is caused by sharp
objects or obstructions adjacent to the inlet of the fan or blower.

Mechanical noise in fans and blowers can be caused by either vibration or misalign and
worn bearings. Imbalances in rotary components are the primary cause of vibration
which ultimately results in structural noise and at times failure of the component due to
resonance. The frequency of such noise depends on the rotational speed. The fundamental
frequency due to rotary imbalance is given by

N
fn:_

0 where N = rotation speed (RPM)
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B Aliasing

For a fixed, mesh size (Ax), the resolved wavenumber range is —m < aAx < 7. For ultra
short waves with wavelengths less then 2Ax (or aAz), the waves are unresolved in a
finite difference computation. They are aliased into different wavenumber.

Consider the problem
ou Ju

ot oz

with initial condition s
u(t=0)= e~ 2(5)" cos (o)

For convenience of analysis, the initial condition is modified to a complex expression (the
real part of the initial condition is used to obtain the solution)

z

U(t _ 0) _ 6—1n2(b)2+io¢0x

The Fourier transform of the initial condition is
b ‘1“2{w]2

— e 21n 2
2vrmIn2

In the wavenumber space, the initial Gaussian pulse has a half-width of 217“2 The initial
condition represents waves concentrating around a wavenumber of o = ay. The discretized
expression for the initial condition is

fl — ul — e*an(lATz)zeiaoAml

Assuming 7 < apAz < 27 (o unresolved wavenumber) we can write

’aoAx:ﬂ+5‘

and therefore

iapAxl _ ei[271'+(5—7r)]l o—m)l

e = ¢

The discretized initial condition becomes

fmy = e—lnz(%)%ﬂ' (6—m)l

In terms of a continuous variable x, the initial condition is
_ z 2 . (6—m)x
f (@) = u(w) = e ) S

This represents waves concentrating around a wavenumber a = ‘sA_—x’T = (ao — %) . These

are waves lying within the resolved wavenumber range. As we have shown that unresolved
wavenumber agAxz becomes resolved wavenumber oAz due to the discretization. We
define the aliased wavenumber as Aliased wavenumber

o . a : aliased wavenumber
a=ay— = with
z g : wavenumber

B.1 Numerical Examples

(a) apAxr =3.9 b= 20Ax alAxr =39 — 27 = —2.383
For this aliased wavenumber, the group velocity is negative

(b) apAzx =5.48 b=20Ax aAzr =548 — 21 = —0.803

For this aliased wavenumber, the group velocity is nearly equal to 1.0.
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C High-Order Optimized Upwind Schemes

Consider the one-dimensional scalar model wave equation
ou ou
— + C_ —
ot ox

where C' is the speed of wave propagation.

0

Without the loss of generality, we assume that C' > 0. The approximation of the first
order spatial derivative Qu/0x by a finite difference on an uniform grid of spacing Az is

given by
ou 1 X
(5),~ 25 X o
! J

By performing the Fourier transform on the continuous form of the above equation, we
define

M
O_éI—Z E:aezajAac
Ax /
j=—N
M
= alxr = —i g ajew‘ij
j=—N

Let 8 =aAx, 3 = 8, +if3; and B = aAz. The integrated error E is defined as

B Bo 9 Bo | _ B—n 27 |2
E—/O |5T—ﬂ| dﬁ—i—)\/o ﬁi+sgn(0)exp[—ln2( - )]

where (3 is a predetermined number (same like the central DRP schemes discussed before)
which gives the optimized range of wavenumber. The parameter \ is a weighting coefficient
and the parameter 7 adjusts the width of the Gaussian function.

dp

Since 3, = Re {3} = szj a;sin (j )
j=—N
B _ M
B; = Jm {ﬁ} = — ‘ZNaj cos (j13)
i

Bo M 2
- | L ajsin(jﬁ)—ﬂ] a8
0 -N

7 +A/Oﬁ0 ln2<6aﬂ>2]]2dﬁ (C.1)

The necessary conditions that E is a minimum for all the free coefficients are
oE
(9al N

where P is the order of accuracy of the finite difference scheme and P < M + N

M

Z ajcos (j3) + exp

j=—N

0, I=-N,-N+1,.... M—P—1

E
(e.g. M=2 N=4 P=4, 6’—:O, Z:—4,—3)
8al
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The first term in equation (C.1) minimizes the distance between 3, and /3 in the form of
Ly norm. The second term, instead of minimizing the distance between 3; and 0, min-
imizes the distance between (3, and a Gaussian function in the form of Ly norm. The
Gaussian function is almost zero when the value of (3 is far from 7. The Gaussian term is
chosen such that the imaginary part of the effective wavenumber j3; is very close to zero
for waves with wavenumbers within a certain range. The second term also allows controls
over short wave or high frequency damping by adjusting the control parameter o.

As it is in a traditional finite difference scheme, the upwind scheme uses more stencils
upwind (from the left) than downwind since the wave is assumed to propagate to the right
(C > 0). If the wave is propagation to the left (C' < 0), the upwind biased scheme uses
more stencil points from the right than those from the left

(eg. C>0: M=2 N=4, C<0: M=4, N=2)

The coefficients of the DRP scheme for C' < 0 can be derived directly from its correspond-
ing counterpart for C' > 0 if the same number of stencil points and the same fashion of
bias are used.

The effective wavenumber @ of the scheme with coefficients aj-” N'is the complex conjugate
of that of the scheme with coefficients aév M The opposite sign in the imaginary part of
the effective wavenumber @& of the two schemes is needed to ensure the stability of the

schemes for waves propagating in two contrary directions. That is

NM _  __MN
a; = a’;

eg. N=4, M=2 jisfrom — N to M

a? = —a}
% = —a
a4_22 = —a§4
a2 =
-
af = —a*
o =

7 i
C>0 C<0

107



C.1 Procedures for finding coefficients a;

M )
Z a; = 0
j=—N
M
> aj=1 > (P+1) (number of equations)
j=—N
M

Z (Ijjk:()

j:_N p,

where k = 2,3, ..., P. Together with the minimization condition

0F
8(11

1
(M + N — P) (number of equations)

=0, I|=-N,—N+1,... M—-P—1

Therefore we have the total M + N + 1 unknowns and M + N + 1 equations (one linear
system).

The partial derivatives of a; over a; appeared in g—fl can be obtained by solving the
following linear system.

— =0y fory=—N,-N+1,.... M —P—1,
0 ap
and .
O as
Y 5% =0 forw=01,...,P
. o
j=—N
For M = N and a_; = —aj;, the finite difference scheme becomes a central different
scheme
M M
Z aj cos () = ap = Y _ (a; cos () + a; cos (j9)) =
j=—N Jj=1
M
Since Y a; =0 (Taylor series expansion), it implies ag = 0 for central scheme.
j=—N

For A = 0.0374 and 7 = 0.26757, the coefficients a; are given in tables 1 & 2.0.
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C.2 Some General Note on Upwind Schemes

Consider again the "wave equation”.

ou ou

Now we do not make any assumptions as to the sign of C. We can rewrite the above
equation as

u (Ct+C)

>0: +: T =
o 0u _ e ot CEIC] {c_o Ct=C,C~ =0

ox 2 C<0: Ct=0,C"=C

Now for the C* (> 0) term we can safely use backward difference and for C~ (< 0) forward
difference. This is the basic concept behind upwind methods, that is, some decomposition
or splitting of the fluxes into terms which have positive and negative characteristic speeds
so that appropriate differencing schemes can be chosen.

Flux-Vector Splitting The Euler equations form a hyperbolic system of partial differ-
ential equations. Many aspects of numerical methods for such a system can be understood
by studying a one-dimensional constant-coefficient linear system of the form

ou ou
E—FA%—O

where @ = 1 (x,t) is a vector of length m and A is a real m x m matrix.

For conservation laws, this equation can be written as

od  of

— 4+ —==0 C.2

gt oz (G2)
where f is the flux vector and A = g—{; is the flux Jacobian matrix. The entities in the

flux Jacobian are

9 fi
Q;5 =
J 0 Uj
The matrix A can be diagonalized
A=XTAX

where A is a diagonal matrix containing the eigenvalues of A, and X is the matrix of right
eigenvectors. Equation (C.2) then can be written as

A
—
OX i L9 XTAX X'
ot dx
With @ = X '@, we have
20 4 AZE =0 (C.3)

Equation (C.3) can be decoupled into m scalar equations of the form

a; T 0
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The elements of w are known as characteristic variables. Each characteristics variables
satisfies the linear “wave” convection equation with the speed given by the corresponding
eigenvalue of A.

Now let us split the matrix of eigenvalues A into two components such that

A+ |A|

A=AT+A" where AT = 5

With these definitions, AT contains the positive eigenvalues and A~ contains the negative
eigenvalues. Now equation (C.3) can be rewritten as

0w ow 0w 0w 0w

— + A— +AT—+ AT — =0

ot " Nar "ot TN ar T8 aa
We can then use backward differencing for the term A*% and forward differencing for
the term A‘%. Pre-multiplying by X, the matrix of right eigenvector of A(Axg = Agx),
and inserting the product X !X in the spatial terms, we have

OXw OXATX X OXA XX

ar T o + o =0

Define
AT = XATX !

and recall that @ = X, we obtain

ou 0ATuw O0A U

E—i_ dx * dx =0
The split flux vectors are defined as

£ = A*g

FofaF

o = 20, o0 o)

ot  Ow oz

where f = Au for the Euler equations.
Thus, by applying backward differences to the f * term and forward differences to the f -
term, we are in effect solving the characteristic equations in the desired manner. This

approach is known as flux-vector splitting.

For the linear Euler equations (or the acoustic field equations), we then have

aq oq _0q oq _0q 78(] -
+ AT A p+29 g2 o+ _
TR TR Pl o D e Tic 9. "
where
p/
u/
7= | v
w/
pl

We need to apply backward differences to the terms with A™, BT and C" and forward
differences to the terms with A=, B~ and C'~.
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